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Properties of a Cumulative Distribution Function Fy( ')
(i) Fy(—w)= lim F(x) =0, and Fy(+ )= lim F(x) = 1.
X+ =@ = +m
(ii} Fy(-)is a monotone, nondecreasing function; that is, Fy(a) < Fx(b)

fora <b.
(iif)  Fyl - ) is continuous from the right; that is,

lim Fy{x 4+ i) = Fy(x).
D<h—0
Except for (ii), we will not prove these properties. Note that the event
fw: Xw)<bl={X<bhl={YZalvjg<XzZbland {X<aln{a <X <h}
=g hence, Fy(b) =P[X <b]=PlX <a]l+ Pla < X <b] = P[X < a] = Fyla)
which proves (ii). Property (i), the continuity of Fy( - ) from the right, results
from our defining Fy{x) to be PLX < x]. I we had defined, as some authors do,
F(x) to be P[X < x], then Fy( ) would have been continuous from the left.

3 DENSITY FUNCTIONS

Random variable and the cumulative distribution function of a random variable
have been defined. The cumulative distribution function described the distri-
bution of values of the random variable. For two distinct classes of random
variables, the distribution of values can be described more simply by using
density functions. These two classes, distinguished by the words “discrete ™
and *continuous,” are considered in the next two subsections.
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3.1 Discrete Random Variables

Definition 4 Discrete random variable A random variable X will be
defined to be discrete if the range of X is countable. If a random variable
X is discrete, then its corresponding cumulative distribution function
Fy( + ) will be defined to be discrete. i

By the range of X being countable we mean that there exists a finite or
denumerable set of real numbers, say x,, x;, X3. ..., such that X takes on values
only in that set. 1f X is discrete with distinct values x,, x,, ..., x,, ..., then
O=J{w: X =x}=U{X=x},and (X=x}n{X=x}=¢ for i£};

n L]

hence 1 = P[Q] = } P[X = x,] by the third axiom of probability.

Definition 5 Discrete density function of a discrete random variable If
X is a discrete random variable with distinct values x;, X2, ...y Xy v0es
then the function, denoted by f4( - ) and defined by

—_ P[‘rmx.i] ifx=xjrj=[:2r-“:ﬁ1---
£ =g e, 0
is defined to be the discrete density function of X. i

The values of a discrete random variable are often called mass points; and,
Sx(x;) denotes the mass associated with the mass point x;. Probability mass
Junction, discrete frequency function, and probability function are other terms
used in place of discrete density function. Also, the notation py( - ) is some-
times used intead of fy( - ) for discrete density functions. fx(-) is a function
with domain the real line and counterdomain the interval [0, 1]. If we use the
indicator function,

K@ =3 PX=xlus® @
where I, \(x) = 1 if x = x, and [, (x) = 0if x # x,.

Theorem 1 Let X be a discrete random variable. F,(-) can be obtained
from fy(+), and vice versa.



