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2 RANDOM VARIABLE AND CUMULATIVE
DISTRIBUTION FUNCTION

2.2 Definitions

We commence by defining a random variable.

Definition 1 Random Variable For a given probability space (Q, o,
P[-]), a random variable, denoted by X or X(-), is a function with
domain Q and counterdomain the real line. The function X{-) must be
such that the set 4,, defined by 4, = {w: X(w) < r], belongs to  for every
real number r, il

EXAMPLE | Consider the experiment of tossing a single coin. Let the
random variable X denote the number of heads. Q = {head, tail}, and
X(w) = 1 if @ = head, and X(w) = 0 if w = tail; so, the random variable ¥
associates a real number with each outcome of the experiment. We
called X a random variable so mathematically speaking we should show

that it satisfies the definition; that is, we should show that {w: X(w) < r}
belongs to & for every real number r. o consists of the four subsets:
¢, {head}, {tail}, and Q. Now, if r <0, {w: X(w)=r}=¢; and if
0<r<1,{w: Xw)<r}={tal};andif r = |, {w: X(w) < r} = Q = {head,
tail}. Hence, for each r the set {w: X(w) £ r} belongs to ;50 X(-)isa
random variable. i

EXAMPLE 2 Consider the experiment of tossing two dice. £ can be de-
scribed by the 36 points displayed in Fig. 1. Q={(#,j):i=1,...,6and
j=1,...,6}. Several random variables can be defined; for instance, let
X denote the sum of the upturned faces;so X{w) =i + jifw = (i, f). Also,
let ¥ denote the absolute difference between the upturned faces; then
Y(w) = |i —j| if @ = (i, j). It can be shown that both X and ¥ are ran-
dom variables. We see that X can take on the values 2, 3,...,12and ¥
can take on the values 0, 1, ..., 5. I

Definition2? Cumulativedistribution function The cumulative distribution
function of a random variable X, denoted by Fy(-), is defined to be
that function with domain the real line and counterdomain the interval

[0, 1] which satisfies Fy(x) = P[X < x] = P[{w: X(w) < x}] for every real
number x. i
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The use of each of the three words in the expression * cumulative distri-
bution function™ is justifiable. A cumulative distribution function is first of
all a function; it is a distribution function inasmuch as it tells us how the values
of the random variable are distributed, and it is a cumulative distribution fune-
tion since it gives the distribution of values in cumulative form. Many writers
omit the word “cumulative™ in this definition. Examples and properties of
cumulative distribution functions follow.

EXAMPLE 3 Consideragainthe experiment of tossing a single coin.  Assume
that the coin is fair. Let X denote the number of heads. Then,

0 ifx<0
Fex)=1{4 if0cx <l
1 ifl <x.

Or Fy(x) = 4Jio, (%) + Iy, «y(x) in our indicator function notation. [///

EXAMPLE 4 In the experiment of tossing two fair dice, let ¥ denote the
absolute difference. The cumulative distribution of ¥, Fy( - ), is sketched
in Fig. 2. Also, let X, denote the value on the upturned face of the kth

die for k=1, 2. X, and X, are different random variables, yet both
have the same cumulative distribution function, which is Fy (x) =
5

5 :-SI”_H”{::} + I, (%) and is sketched in Fig. 3. i

i=1

Careful scrutiny of the definition and above examples might indicate the
following properties of any cumulative distribution function Fy( - ).

Definition Indicator function Let Q be any space with points w
anu A, any subset of Q. The indicator function of A, denoted by I(-),
is the function with domain Q and counterdomain equal to the set consist-
ing of the two real numbers 0 and 1 defined by

L1 if wed
‘r*‘{“’]_[n if WA

I() clearly “indicates " the set A. 1
Properties of Indicator Functions Let 0 be any space and & any collection
of subsets of Q:

(i) I(w)=1—Iyw) for every A € .
(i) Igay-afw)= Fy(@) Lifw) I, (w)for A,,..., A, € o.

(i) Ly,pazu - s (@) = max (T4, (@), (@), ..., 1, (w)] for A -an,
A, e d.

(iv) Ii(w) = I(w) for every A € af.



