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Definition 12 Standard deviation If X is a random variable, the
standard deviation of X, denoted by gy, is defined as + /var [X].  [///

The standard deviation of a random variable, like the variance, is a meas-
ure of the spread or dispersion of the values of the random variable. In many
applications it is preferable to the variance as such a measure since it will have
the same measurement units as the random variable itself.

EXAMPLE 14 Let X be the total of the two dice in the experiment of tossing
two dice.

var [X] = Z(xj = #x)zf x(x;)
=2-7 4 +CB-D'H+@ -7 %+ 5-N%
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EXAMPLE 15 Let X be a random variable with probability density given by
fx(x) = j-e_jxf[o’ w](x); thcn

Var [X] = [ :(x — 1)) dx
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EXAMPLE 16 Let X be a random variable with cumulative distribution
given by Fy(x) = (1 — pe™*)I}, )(*); then

Var [X] = J':zx[l = F(x) + F(=x)] dx - p}
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4.3 Expected Value of a Function of a Random Variable

We defined the expectation of an arbitrary random variable X, called the mean
of X, in Subsec. 4.1. In this subsection, we will define the expectation of a
function of a random variable for discrete or continuous random variables.

Definition 13 Expectation Let X be a random variable and g(-) be
a function with both domain and counterdomain the real line. The
expectation or expected value of the function g(-) of the random variable
X, denoted by &[g(X)], is defined by:

(® Elg(X)] = 3 g(x) fx(x)) (10)

if X is discrete with mass points x;, X;, ..., X;, ... (provided this
series is absolutely convergent).

© flo0l= [ e@hmdx Q)

if X is continuous with probability density function fy(x) (provided
20 |90 fx(x) dx < 0).* i

Remark If g(x) = x, then &[g(X)] = £[X]is the mean of X. If g(x) =
(x—px)?, then &[g(X)] = E[(X — py)’] = vam[X]. I

Theorem 3 Below are properties of expected value:
(1) &[c] = ¢ for a constant c.
(i) &leg(X)] = c&[g(X)] for a constant c.
(ii))  €e1g1(X) + c292(X)] = ¢,6g,(X)] + ¢, E[g2(X)]
(iv) &lg,(X)] < E[g(X)] if g,(x) < g.(x) for all x.

Theorem 4 If X is a random variable, var [X] =é[(X - €[X])’] =
8[X*) - (&[X))? provided &[X?] exists.
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Theorem S Let X be a random variable and g(-) a nonnegative function
with domain the real line; then

Plg(X) =k] < ‘%Xﬂ

for every k > 0. (12)

PROOF Assume that X is a continuous random wvariable with
probability density function fx(-); then

89001 = [~ gGfax) dx = 9Gx(x) dx

{x: g(x) =k}

+ g()fx(x) dx = | g x(x) dx
{x: g(x) <k} {x: g(x) 2k}

> _[ kfy(x) dx = kP[g(X) > k].
{x: @(x) =k}

Divide by k, and the result follows. A similar proof holds for X discrete.
I

Corollary Chebyshey inequality If X is a random variable with finite
variance,

1
Pl X — pux| = rox] = P[(X — ux)* = ricil < o for every r > 0. (13)

PROOF Take g(x) = (x — puy)* and k = r?c% in Eq. (12) of Theorem 5.
It



