Logic and  Propositional Calculus
4.1
INTRODUCTION
Many algorithms and proofs use logical expressions such as:

“IF p THEN q”
or
“If p1 AND p2, THEN q1 OR q2”

Therefore it is necessary to know the cases in which these expressions are TRUE or FALSE, that is, to know the

“truth value” of such expressions. We discuss these issues in this chapter.

We also investigate the truth value of quantiﬁed statements, which are statements which use the logical

quantiﬁers “for every” and “there exist.”

4.2
PROPOSITIONS AND COMPOUND STATEMENTS
A proposition
(or statement) is a declarative statement which is true or false, but not both. Consider, for

example, the following six sentences:

(i) Ice ﬂoats in water.
(iii) 2 + 2 = 4
(v) Where are you going?

(ii) China is in Europe.
(iv) 2 + 2 = 5
(vi) Do your homework.

The ﬁrst four are propositions, the last two are not. Also, (i) and (iii) are true, but (ii) and (iv) are false.

Compound Propositions
Many propositions are composite, that is, composed of subpropositions and various connectives discussed

subsequently. Such composite propositions are called compound propositions. A proposition is said to be primitive
if it cannot be broken down into simpler propositions, that is, if it is not composite.

For example, the above propositions (i) through (iv) are primitive propositions. On the other hand, the

following two propositions are composite:

“Roses are red and violets are blue.” and “John is smart or he studies every night.”
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The fundamental property of a compound proposition is that its truth value is completely determined by the

truth values of its subpropositions together with the way in which they are connected to form the compound

propositions. The next section studies some of these connectives.

4.3
BASIC LOGICAL OPERATIONS
This section discusses the three basic logical operations of conjunction, disjunction, and negation which

correspond, respectively, to the English words “and,” “or,” and “not.”

Conjunction, p ∧ q

Any two propositions can be combined by the word “and” to form a compound proposition called the

conjunction of the original propositions. Symbolically,

p ∧ q

read “p and q,” denotes the conjunction of p and q. Since p ∧ q is a proposition it has a truth value, and this truth

value depends only on the truth values of p and q. Speciﬁcally:

Deﬁnition 4.1:
If p and q are true, then p ∧ q is true; otherwise p ∧ q is false.

The truth value of p ∧ q may be deﬁned equivalently by the table in Fig. 4-1(a). Here, the ﬁrst line is a short

way of saying that if p is true and q is true, then p ∧ q is true. The second line says that if p is true and q is false,

then p ∧ q is false. And so on. Observe that there are four lines corresponding to the four possible combinations

of T and F for the two subpropositions p and q. Note that p ∧ q is true only when both p and q are true.

Fig. 4-1
EXAMPLE 4.1
Consider the following four statements:

(i) Ice ﬂoats in water and 2 + 2 = 4.
(iii) China is in Europe and 2 + 2 = 4.

(ii) Ice ﬂoats in water and 2 + 2 = 5.
(iv) China is in Europe and 2 + 2 = 5.

Only the ﬁrst statement is true. Each of the others is false since at least one of its substatements is false.

Disjunction, p ∨ q

Any two propositions can be combined by the word “or” to form a compound proposition called the disjunction
of the original propositions. Symbolically,

p ∨ q

read “p or q,” denotes the disjunction of p and q. The truth value of p ∨ q depends only on the truth values of p
and q as follows.

Deﬁnition 4.2:
If p and q are false, then p ∨ q is false; otherwise p ∨ q is true.

The truth value of p ∨ q may be deﬁned equivalently by the table in Fig. 4-1(b). Observe that p ∨ q is false

only in the fourth case when both p and q are false.

EXAMPLE 4.2
Consider the following four statements:

(i) Ice ﬂoats in water or 2 + 2 = 4.
(iii) China is in Europe or 2 + 2 = 4.

(ii) Ice ﬂoats in water or 2 + 2 = 5.
(iv) China is in Europe or 2 + 2 = 5.

Only the last statement (iv) is false. Each of the others is true since at least one of its sub-statements is true.

Remark: The English word “or” is commonly used in two distinct ways. Sometimes it is used in the sense of

“p or q or both,” i.e., at least one of the two alternatives occurs, as above, and sometimes it is used in the sense

of “p or q but not both,” i.e., exactly one of the two alternatives occurs. For example, the sentence “He will go to

Harvard or to Yale” uses “or” in the latter sense, called the exclusive disjunction. Unless otherwise stated, “or”

shall be used in the former sense. This discussion points out the precision we gain from our symbolic language:

p ∨ q is deﬁned by its truth table and always means “p and/or q.”

Negation, ¬p

Given any proposition p, another proposition, called the negation of p, can be formed by writing “It is not

true that . . .” or “It is false that . . .” before p or, if possible, by inserting in p the word “not.” Symbolically, the

negation of p, read “not p,” is denoted by

¬p

The truth value of ¬p depends on the truth value of p as follows:

Deﬁnition 4.3:
If p is true, then ¬p is false; and if p is false, then ¬p is true.

The truth value of ¬p may be deﬁned equivalently by the table in Fig. 4-1(c). Thus the truth value of the

negation of p is always the opposite of the truth value of p.

EXAMPLE 4.3
Consider the following six statements:

(a1) Ice ﬂoats in water.
(a2) It is false that ice ﬂoats in water.
(a3) Ice does not ﬂoat in water.

(b1) 2 + 2 = 5


(b2) It is false that 2 + 2 = 5.


(b3) 2 + 2 = 5

Then (a2) and (a3) are each the negation of (a1); and (b2) and (b3) are each the negation of (b1). Since (a1)

is true, (a2) and (a3) are false; and since (b1) is false, (b2) and (b3) are true.

Remark: The logical notation for the connectives “and,” “or,” and “not” is not completely standardized. For

example, some texts use:

p & q, p · q or pq
for
p ∧ q

p + q
for
p ∨ q

p , p¯ or
∼ p
for
¬p

4.4
PROPOSITIONS AND TRUTH TABLES
Let P (p, q, . . .) denote an expression constructed from logical variables p, q, . . ., which take on the value

TRUE (T) or FALSE (F), and the logical connectives ∧, ∨, and ¬ (and others discussed subsequently). Such an

expression P (p, q, . . .) will be called a proposition.


The main property of a proposition P (p, q, . . .) is that its truth value depends exclusively upon the truth

values of its variables, that is, the truth value of a proposition is known once the truth value of each of its variables

is known. A simple concise way to show this relationship is through a truth table. We describe a way to obtain

such a truth table below.

Consider, for example, the proposition ¬(p ∧ ¬q). Figure 4-2(a) indicates how the truth table of ¬(p ∧ ¬q)

is constructed. Observe that the ﬁrst columns of the table are for the variables p, q, . . . and that there are enough

rows in the table, to allow for all possible combinations of T and F for these variables. (For 2 variables, as above,

4 rows are necessary; for 3 variables, 8 rows are necessary; and, in general, for n variables, 2nrows are required.)

There is then a column for each “elementary” stage of the construction of the proposition, the truth value at each

step being determined from the previous stages by the deﬁnitions of the connectives ∧, ∨, ¬. Finally we obtain

the truth value of the proposition, which appears in the last column.

The actual truth table of the proposition ¬(p∧¬q) is shown in Fig. 4-2(b). It consists precisely of the columns

in Fig. 4-2(a) which appear under the variables and under the proposition; the other columns were merely used

in the construction of the truth table.

Fig. 4-2
Remark: In order to avoid an excessive number of parentheses, we sometimes adopt an order of precedence for

the logical connectives. Speciﬁcally,

¬ has precedence over
∧
which has precedence over ∨
For example, ¬p ∧ q means (¬p) ∧ q and not ¬(p ∧ q).

Alternate Method for Constructing a Truth Table
Another way to construct the truth table for ¬(p ∧ ¬q) follows:

(a) First we construct the truth table shown in Fig. 4-3. That is, ﬁrst we list all the variables and the com-

binations of their truth values. Also there is a ﬁnal row labeled “step.” Next the proposition is written

on the top row to the right of its variables with sufﬁcient space so there is a column under each variable

and under each logical operation in the proposition. Lastly (Step 1), the truth values of the variables are

entered in the table under the variables in the proposition.

(b) Now additional truth values are entered into the truth table column by column under each logical operation

as shown in Fig. 4-4. We also indicate the step in which each column of truth values is entered in the table.

The truth table of the proposition then consists of the original columns under the variables and the last step,

that is, the last column is entered into the table.

Fig. 4-3

Fig. 4-4



