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Distance between points
The distance between P(y, ) and Q(y,, )/2) is

d=(xx) +(r-0)

Symmetry Tests for Graphs :
1- symmetry about the x-axis:

If the point (x ,y) lies on the graph , then the point (x,-y) lies on the
graph .
2- symmetry about the y-axis :
If the point (x ,y) lies on the graph , then the point (-x, y) lies on the
graph .
3- symmetry about the origin :
If the point (x ,y) lies on the graph , then the point (-x,- y) lies on
the graph .

Example :

The graph of x°+ y2 =1 has all three of the symmetries
1- symmetry about the x-axis
(x,y) on the graph

2 2
= x ty =1
S>3+ =4y (V=)

=(x,-y) lies on the graph.
2- symmetry about the y-axis

(x ,y) on the graph
= x2 + y2 =1
= () +y =2ty (F=(x) )

= (-x, y) lies on the graph.
3- symmetry about the origin :
(x ,y) on the graph

= x2+y2=1




= () + (=) =X+
= (-X,-y) lies on the graph.

Intercepts and More about graphing
We find the x-intercept by setting y equal to 0 in the equation and
solving for x.
We find the y-intercept by setting x equal to O in the equation and
solving for y.

Example :
Find the intercepts of the graph of the equation y =x’—1 .
Solution:
The x -intercepts y=x"—1 (let y=0)
:>O=x2—1:>x2=1:>x=1,—1

The y-intercepts y=x"—1 (let x=0)
=y=(0)-1=y=-1

Exercises :

(1) Find the distance between the given points

(a) (1,0) and (0,1)

(b) 2,4) and (-1,0)

(2) Find the intercepts and test the symmetries their graph :

@ x=1-y" () 4x*+4y" =1

Slope ,and Equations for lines :

Increments
Definition:

When a particle moves from (X1, yl) to (x2, yz) ,the increments

are
AxX=x,—x and Ay=y —y, .
Definition :
The slope of a nonvertical line is
m = & TN .
Ax X277 X1

e The slope of a nonvertical line is the tangent of its angle of
inclination .




Definition:
The equation y—y,=m(x—x,) isthe point —slope equation of the

line that passes through the point (xl, yl) with slope m .

Example :
Write an equation for the line that passes through the point (2 ,3 ) with
slope —3/2 .
Solution :
Y=y =mx—x)
y=3=(=3/2)(x-2)
-3
=—x+6
d 2
Example :
Write an equation for the line through (-2 ,-1 )and (3 4).

Sol:
We first calculate the slope

m= Yo~ N =4_(_1) _ éZI

x—x 3-(2) 5
The (x1 , Y1) in the point — slope equation can be with

(v01) =(2.-1) (n:1) =G 4)
y=(=D=1(x-(-2)) y—4=1(x-3)
y+l=x+2 y—4=x-3
y=x+1 y=x+1

Definition :
The equation y = mx + b is the slope — intercepts equation of
the line with slope m and y- intercept b .

Remarks :
(1) wvertical lines have no slope .
(2) Horizontal lines have slope O .
(3) For lines that are neither horizontal nor vertical it is handy to
remember :
(a) they are parallel < m, = m, .

(b) they are perpendicular <>, =—1/m, .




The distance from a point to a line
To calculate the distance from a point P(x,,y, ) toaline L ,we

find the point Q(x,,y, ) atthe foot of the perpendicular from P to L

and calculate the distance from P to Q.
Example :

Find the distance from the point P(2,1) tothelineL: y = x+ 2
Sol:

Step 1: We find an equation for the line L' through P(2,1)
perpendicular to L. The slope of L: y=x+2 is m=1 . The slope
of L' istherefore m'=—1/1 =—1.Weset (x;,y,)=(2,1) and
m=—1 tofind L' is y-1=-1(x-2)

= y=—x+3
Step 2 :
Find the point Q by solving the equation for L and L’ simultaneously
. To find the x-coordinate of Q , we equate the two expressions fory :
—x+3=x+2
= x=1/2 .
We obtainif x=1/2 and by substitutingin y =x+ 2 ,we get

y=>5/2 . The coordinates of Q are (1/2,5/2).

Step 3: We calculate the distance between P(2,1) and Q (1/2,5/2)

[ -

Exercises :
(1) Find the slope if
(a) A(_z 9_1) s B (1 9_2) (b) A (192) ) B (19 _3 )

(2) Write an equation for the line that passes through the point P and
has the slope m .

(@ P-1,1), m=1 () P(1,1) m=-1

(c) P(4,0) ,m= -2

(3) Find an equation for the line through P perpendicular to L . Then
the distance from Pto L .

@ P@O,0) ,L:y=—x+2.

(b) P(1,2) ,L: x+2y=3




(¢) P(2,2),L:2x+y=4

Functions
Definition : (definition of function)

VxeD dyeR suchthat f(x)=y .,where D isthe domain set
And R is the range set .

Example :
Find the domain and range set for the function

Function Domain Range

y=x —00 < x< o0 0 <y

y=+1-% —1<x<1 0<y<1
1

y=— x#0 y#0
X

Even and odd Functions
Definition :
A function y = f(x) isaneven function of x if
f(=x)= f(x) forevery x in the function s domain. It isan odd
function of x if f(—x)=—f(x) forevery x in the function s

domain .
Example :

f(x)=x* Evenfunction : (—x)' = forall x

f(x)=x  Odd function : (-x) =—x forall x




Composition of functions
Def :
We say that the function f(g(x)) is the composite of g and f .

Thus, the value of fog at x is f(g(x))=(fog)(x) .

Example :
Find a formula for f(g(x)) if g(x)=x" and f(x)=x —7.
Then find the value of f(g(2)) .
Sol :
f(x)=x -7
= fg(x)=g(x)-T=x-7.
We then find the value of f(g(2)) by substituting 2 for x :

f(g2)=2-7=-3 .

Equation for Circle in the Plane

Def :

A circle is the set of points in a plane whose distance from a given
fixed point in the plane is a constant . The fixed point is the center of the
circle . The constant distance is the radius of the circle .

The standard equation for the circle of radius a centered at the point

(h k) 1s
(=) + =k =a’
Example:

Find the center and radius of the circle
(x—1) +(y+5) =3
Sol:
Comparing (x—h)2 + ( yv—k )2 =a
=h=1 ,k=-5 , F£=3=a=43.

The standard equation for the circle of radius a centered at the origin




Equation for Parabolas
Definition :
A parabola is the set of points in a plane that are equidistance from a
given fixed point and fixed line . The fixed point is the focus of the

parabola . The fixed line is called the directrix of the parabola . The
2

standard equation for the parabola is y = X

4p
Example :
Find the focus and directrix of the parabola
Sol:
2 2
Find the value of p in the standard equation y = xg s y= 4L
p

=4p=8=p=2

Then find the focus and directrix for this value of p
Focus (0, p ) or (0,2)
Directrix ( y=—-p ) or y=-2

A Review of Trigonometric Function

Remark:

T
180° = 7 radians —=> ldegree=——
° © 180

T
change 45° to radians 45.— ="—rad
g 4 180 4
T T
change 9(0° to radians 90.—— = "—rad
¢ 180 2
change ? vadians to degree 2@ =3(0°
6 V4
change ? vadians to degree %ﬁ =60°
T




45
2 3013

90

Example :

An acute angle whose vertex lies at the center of a circle of radius 6
subtends an arc of length 27 .Find the angle 's radian measure .

Sol: fig # Y
s 2r
0:—:—:— .
r 6 3

r

y
T ) 0 x
The angle measure is g radians .
A

s

Fig #

Fig *

When an angle of measure @ is placed in standard position at the

center of a circle of radius 7 , the six basic trigonometric functions of
€ are defined: figure *

- , -
- , - ,

’ - ,

v




sin @

By (Pythagorean theorem )
xz + y2 — 7”2

2 2 2 2

) x Yy xtYy

= cos @ +sin' 0=+ ="——=1
roor 7

= cos’f+sin’ =1 true forall &

The coordinates of the point P (x,)) canbe expressed interms of
r and 6 as

_ b -

Note that if € =0 then x=7r and y=0 ,so
cos0=1 ,sin0=0

If 6’=§ then x=0 and y=r ,so
cosZ=0 , sinZ =1
2 2

* cos(—f)=cosf the cosine isthe even function .
* sin(—@)=—sin@ the sine is the odd function .

sec(—0)=secd , tan(—f)=—tand

-




The Absolute value function
The absolute value of a number x ,denoted by |x| is defined by the

formula
x if x>0 .
i
—-x if x<0.
*  Note that |x| = \/? .
2|=+22=2
—2=+(-2f =2
Properties of absolute value
I-|-d=l|d| .
2- |ab|=ld| |B] .
al_ld
bl b
Example :
|— sin x| = |sin x| , |— 2(x+ 5)| = |2||x + 5| = 2|x + 5|

Example :

3-

3
X

3 3

X

4-|a+b|£|a|+|b| Ya,b

Ex:

-3+5=2/=2< |[-3/+|5/=8
3+5=8=8=p3+|3 .

**If D isany positive number, then
a <D <& D<a <D,

d<D<-D<a<D .

10




Example :

‘x—S‘ <9
to -9 < x-5<9
to -9+5 < x < 945
or -4 <x < 14

Ex:
2
1 2 <1 mw
2. E-1<1 ow
Example :
2
5—-— <1
X
Sol :
2
‘5—— <1
X
2
— -1 < 5——
X
= 6 < = <
X
= 4 < — <
X
1
= 2 < — <
X
1 1
= - < x < —
3 2

11




Limits and Continuity
Def :

If the value ofa function f of X approach the value L as x
approaches ¢ ,wesay f has limit L as x approaches c and we

write 1im f(x)=L .

X—>C

Example : [im(2x+1)=2*2+1=5.

x—2

5 y=2x+1

Ex: If f isthe identity function f(x)=x , then forany value
of ¢ limf(x)=1lim(x)=c

X—>C X—>C

Ex: If f isthe constant function f(x)=4k , kis constant value
lim /(x) =lim (k) =k
Ex:
f(X)=a,x"+a..x""+..+a x+q, is any polynomial function ,
then
limf(x)=f(c)=a.c"+a.c" +..+ac+a, .

X—>C

Ex:
If f(x) and g(x) are polynomials ,then r(x) is called
rational function 7(x) = )
g(x)
S ) _ f)

lim7(x) =lim

= ( provided g(c)=0 ).
xoc x> g(x) g(c)

12




Ex : Find
lim x2 (2 — x) =]lim x2 .lim(2—x):—9 .

x—3 x—3 53

Ex : Find
2y oxt 4 ImGI+2x+4) g
lim > = 22 =—=3
=2 x+2 111121(x+2) 4
Ex: Find
. o x—8 7
m >4 ~

¥=8 (x=2)(x’+2x+4) X +2x+4

x—4 (x=2)(x+2) X+2
‘+2x+4 12
L= 1 XTEATE _2L_3
pch x+2 4
Ex:
y x' =25
N 3(x—5)

Relation ship between One —sided and two —sided limits

A function f of x has alimitasx approaches ¢ iff the right—
hand and left —hand limits at ¢ exist and are equal .

lim f(x¥)=L < lim f(x) = L

x—c e

lim f(x) =L

X—)c

Example : Show that im|x|=0 .

x—0

Sol : We prove that lim‘x‘ =0 by showing that the right —hand and

x—0

left -hand limits are both O :

13




lim/x= limx=0 (|x=xif x> 0)
x=>() x=>()

lim¥ = lim—x=0 (|x=-xif x< 0)
x=>() ()

Theorem : ( The sandwich theorem )
Suppose that g(x) < f(x)<h(x) forall x#c in
some interval about ¢ and that

limg(x)=limA(x) =L

X—>C X—>C

Then [imf(x)=L .

Xx—>C

. . sin x
Example : by using the sandwich theorem , then |im—— =1
x—0 X

Limits Involving Infinity

Example :

1
The function f(x)=— isdefined forall real numbers except
x=0 .We summarize these facts by saying :

1
(a) As x tendsto oo , — approaches to 0.
X

1
(b) As x approaches to O from the right , — tendsto o0
X

1
(c) As x approaches to O from the left , — tendsto —oo
X

1
(d) As x tendsto —oo , — approaches to O.
X

R B B
SR Tx+4 e T+4/x T+0 7

14




Ex:

L 2¥—x43 . 2=(/x)+3/¥) 2-0+0 2
m=s ~ M50 6 3+0 3
Ex:
O Sx+2 0 (5/5)+Q2/XF) 0 0+0
!35525—1 e 2-(1/x") ) 2—‘0:0
Ex:
-4 +7x H W

o 2t —3x—10

Continuous Functions

The continuity Test
The function y = f(x) 1is continuous at x =c iff all three

of the following statements are true :
1- f(c) exists (¢ lies in the domain of f )

2- lim f(x) exists.

X—>C

3- lim f(x) = f(c) .

X—>C

Ex:
The sine and cosine are continuous at every value of x .
When x = 0

limsinx=0=sin0 and ]jmcosx=1=cos0

x—0 x—0
Ex:
: | .
The function y =— 1is continuous atevery value of Xx except
X
x =0.
The function is not defined at x = 0 . f isnot continuous .
Ex:
, x+3 , ,
The function # =———- - Is continuous atevery value of Xx
x —3x—-10
except x = Sand x = -2

15




Theorem :
If f is continuous at ¢ and g iscontinuous at f(c) , then

the composite gof is continuous at ¢ .

_ xsinx| . :
Ex: Show that the function y=|— is continuous at every
x +2
value of x .
Sol :
The function y is the composite of the continuous function
xsinx ,
f(x)=—; continuous Vx ,
x +2

and g(x) =‘x‘ is continuous Vx ,therefore gof is continuous
at x .

Exercises :

2
x =

(1) The function f(x)= when x#1 andby f(1)=2

Is fcont at x= 1.

(2) what value should be assigned to a make the function

xz—l x<3
f(x)=
2ax x> 3
Cont. at x =3 ?.
Derivatives

Definition :
The derivative ofa function f* is the function f' whose value
at x is defined by the equation

f'(x)=lim flat hz mRACI *)

The fraction (f(x+h)— f(x))/h isthe difference quotient for f
at x .

16




The slope and Tangent
When the number f'(x) exists itis called the slope of the curve
y= f(x) at x . The line through the point (x, f(x)) with slope
f'(x) is the tangent to the curve at X .

Ex :
The derivative of the function f(x) = mx + b is the slope of the line

y=mx+b .
Sol : The calculation takes four steps :

Step 1: write out f(x) and f(x+h) :

f(x)=mx+b
f(x+h)y=m(x+h)+b
=mx+mh+b
Step 2 :
f(x+h)— f(x)=mh
Step 3 :
Divide by 4
f(x+h)—f(x):mh:m
h h
Step 4 : Take the limit as & — 0

G EL) )T

h—0 h h—0

Ex : Find dy /dx if y=l :

X
Sol : we take f(x)=l , f(x+h)= 1 , and from the
X X+
quotient
R
SGAM= () x4k
h h

17




1 x=(x+h)

Tk x(x+h)

1 -k -1

R x(x+h) x(x+h)
We then take the limit as 7 — 0 :
dy .. Jx+h)-f(x) . -1 -1 -1
—=lim =1 =

2

dx  h0 h at x(x+h) - x(x+0) N X
Ex: Find f'(x) if f(x)=x'-2x H.W

. dy 1

s —=—
dx  24/x

Ex : Find an equation for the tangent to the curve y = \/; at x=4

Sol :
The slope at x =4 isthe value of the function s derivative

Ex : show that the derivative of y = Jx .H.W

dy
there . by above example gives — =—= . so the slope is
dx  2x
BN RS S
x|, 2J4 4

The tangent is the line through the point P ( 4 A4 ) =(4,2)
with slope 1/4

Point (4, 2)
Slope 1/4
Equation y=2=(1/4)(x—-4)
1
=—x-1+2
Y7y
= lx+1 YA
Y7y
y=1/4x+1
] 42 y=+x
X

18




Theorem : If f has aderivative at x=c , then f is continuous
at x=c .

Remark :
A function has a (two sided )derivative at a point iff the function's
right —hand and left —hand derivatives are defined and are equal

= f(x) =y is differentiable on a closedinterval [ a , b ].

fla+h)— f(a)
m

( right —hand derivative at a )

h»0+ h

lim ACARDrAC) (left—hand derivative at b ) .
h—>() h

Ex :

The function yz‘x‘ has no derivative at x =0
Sol:

lim w lim ‘h‘ = lim 1 =1 (because ‘h‘ =+h,h>0)
h—>0+ ]’l h”O ]’l h%()*
m+m 0| A .y
L = =lim—-1=-1 (b
N A el (because
H=-h,h<0).

left —hand derivative # right —hand derivative .
Differentiation Rules

1- If ¢ 1isaconstant ,then

ic=0 .
dx

2- If u 1sa diff. function of X and c¢ is a constant ,then

d |
—(cx")=cnx"

dx

19




3- If u 1sa diff. functionof x and 1if v isa diff. function of
X ,then

4 (uxv)= du + v
dx dx dx
Ex : Find y(4)
y= x3 +6
Ex : H.W
1- Find " y=x"+12x
2- Find " y=x"—3x"+2
3- Find y(4) y=x5+3x3—2x2+6

4- - If wu 1isa diff. functionof x and if Vv isa diff. function of
X ,then

d dv  du

—Wyv)=u—=+v—

dx dx dx

5- If u 1isa diff. functionof x and if v isa diff. function of
x and v#0 then

du dv
Ve —U-—
i(z): dx  dx
dx v v
¥ -1

Ex: Find the derivative of y ==
X +1
Derivative of Trigonometric functions

- —sinx=cosx .
dx

2- —COSX =-—SInx
dx
d )

3- —tanx=sec x
dx

4- —cotx=—csc’ x
dx

20




5- —secx =secxtanx
dx

6- —cscx=-—cscxcotx
dx
Ex : Find ) if
1- y=x"—sinx
2- y=sinx.secx H .W
3- y=3x"+xtanx

Remark :

(fog)' = f('g(x)).g'(x) by using the Chain Rule
And if y i1s a diff. function of ¥  and u i1s a diff. function of x
then :

dy_dy du
dx du dx

Ex : If f(u)=sinu and u=g(x)=x>-4 , find (fog) at

x=2.

Sol :

d d
0g) =1 ,.g, =—(sinu)_,.—(x*—-4)_,
(f g)x— ﬂ—g()gx_ dx( )u_ dx( )x_

=cosu| 2x _=14=4

Ex :

Find dy/dx at x=0 if y=cosu and u=§—3x
HW .
Ex :

d . : d . :
—sin’ x =5sin* x— (sinx) = 5sin” xcosx .
dx dx

21




Ex:

d
- —2x+D7
dx( )

2- itanﬁ
dx

d
3- —cos’ 3x

dx

4- isin(—x)
dx

5- itan(l) /
dx X

6- Express dy/dx interms of x if

y=u’ and u=x'-1.

22
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Implicit Differentiation

Implicit Diff. Takes Four Steps

1- Differentiation both sides of the equation with respect to x .

2- Collect the terms with &y on one side of the equation .

dx
d
3- Factor out &
dx
d
4- Solve for 2 by dividing .
dx
_ody 2,
Ex : Find — if 2y=x"+siny
dx

Sol : 2y=x"+siny

%(U):%(xzh%(siny) [ step 1 ]

2ﬂ:2x+cosy@

dx dx

dy dy
2——cosy—=2x step 2
I ydx [step 2 ]
(2—cosy)ﬂ=2x [ step 3]

dx

Q:L [ step 4]
dx 2-cosy

Ex : Find the tangent and normal to the curve x> —xy+ y°> =7 at the
point (-1,2) .

Sol :
We first use implicit diff. to find dy/dx .
2 2
X =xy+y =7

d gy d ooy d o do
5(7)_3@) dx(xy)+dx(y)

23




dy dy

2x—(x—+ +2y—=0
( I )+2y i

(2y—x)ﬂ =y—-2x

dx
@ _y—2x
dx 2y-—x
We then evaluate the derivative at x=—1 , y =2 ,to obtain
dy y=2x _4
dx|_ ., 2y-x o) 5

The tangent to the curve at (—1,2) is

y—2=§4x—en)

TP
4 5 5

The normal to the curve at (—1,2) is

5
2= (x—(-1
y 4( (1))
LRV
YT,

Ex: Find d’y/dx* if 2x°-3y’=7 H .W

Ex :.
d 1 ! 1
S()=oxt =
dx 2 24x
Function defined for derivative defined only x > 0

x>0

24




Rolle’s Theorem

Suppose that y = f(x) is cont. at every point of the closed
interval [a, b] and differentiable at every point of its interior
(a , b).
If f(a)=f(b)=0 |, then there is at least one number ¢ between a
and b at which f'(¢)=0.
Ex:

x3

The polynomial function f(x) = 3 3x is cont. at every point of
the interval —3 <x <3 and differentiable at every point of the
interval -3 <x <3 . since f(-3)= f(3)=0 , Rolle's theorem
says that f' must be zero at least once in the open interval between
a=-3 and b =3 .In fact, f'(x)=x"—3 iszero twice in this

interval , once at x =—+/3 and again at x=A/3 .

The Mean Value Theorem

If y= f(x) iscont. at every point of the closed interval [a, b ]

and differentiable at every point of its interior (a , b), then there is
at least one number ¢ between @ and b at which

rio-10=r@.
—a

Ex:

The function f(x)=x’ iscont. for 0 < x<2 and diff. for
0<x<2 .Since f(0)=0 and f(2)=4 ,theMean Value
Theorem says that at some point ¢ in the interval the derivative
f'(x)=2x musthave the value (4-0)/(2-0) =2.

Thus 2¢ = 2 toget ¢ = 1.

Def :

A function f'(x) defined throughout an interval / is said to increase on
I , if, for any two points X, and x, in I, x, > x;, = f(x,) > f(x))

25




Similarly, f issaid to decrease on [ , if, for any two points X, and x,

in I, x, > x = f(x,) < f(x) .

The Test for Increasing and Decreasing
f is increasing when f'(x) > 0 .Also f is decreasing
when f'(x) < 0 ,where xel

Ex:.

The function y = x° decreases on (—0,0) , where the derivative
y'=2x isnegative , and increase on (0,00) , where the derivative
y'=2x ispositive , ' =0 and tangent to the curve is horizontal .

f i1sdec.

horizontal tang. x

The second Derivative Test for concavity

The graph of y = f(x) isconcave down on any interval where
4
y<20.

The graph of y = f(x) isconcave up on any interval where y"> 0.

Ex:.
The function y = x’

The function y = x’

26




Definition :
A point on the graph of a differentiable function where the
concavity changes is called apoint of inflection .

* At apoint of inflection on the graph of a twice differentiable

function "= 0

Ex:.
y=sinx at x=mx or x=0.

Ex:.

v

Steps in Graphing -

1- Find .and
2- Find where
3- Find where

4- Make a summary table .
5- Draw the graph .

is positive , negative , and zero .

is positive , negative , and zero .

Ex:.
Graph the function y = X =3x*+4

*x =-1,3

27




The second Derivative Test for local maxima and local
minima

If - and - < 0,then f has alocal maximum at

x=e
If - and -> 0,then f has alocal minimum at
x=e

28




Def:

The average velocity of a body moving along a line from position
s = f(t) to position s= f(¢+At) is
As _ f+A) - f(0)
At At '

The velocity is the derivative of position . If the position function of a
body moving along a lineis s = f(¢) , the body ‘s velocity at time ¢

oy~ A= f ()

S
dt a0 At

v = displacement / travel time =

is
Ex:

If s= f(t)=160t—16¢> . Find the velocity at 256 ft .
Sol:

v =% = L (1600 —16°) =160-32¢ 1t/ sec.
dt  dt

s() =160t —16¢> =256
16> —160t +256 =0
16(¢t-2)(t—-8)=0
t=2sec,t=8sec.
v(2)=160—-32(2) =96 ft/ sec
v(8)=-96 ft/ sec .

Def:

Speed is the absolute value of velocity .
For example above speed is ‘— 96‘ =96 ft/ sec .

Def:

Acceleration is the derivative of velocity .

If a body ‘s position attime 7 is 5= f(¢) , then the body 's
acceleration at time 7 is

dv d’s
a=—=—.
dt dt’
For example above is
a= dv = £(160—32t) =-32 ft/ secz.
dt dt
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Integration

Def:
The definite integral of a function f(x) over an interval [a,b]

b
Is usually denoted by [ f'(x)dx , the number ¢ and b are limits of

integration a lower limit, b upper limit of integration .

Def:

If y= f(x) is nonnegative and integrable over a closed
interval [a,b] then the integral of f from a to b isthe area of

the region between the graph of f and the x—axis from a to
b .

Ex:
2
Find the value of the integral [ /4 —x"dx
-2
Sol:
See that the graph is a semicircle of radius 2 .The area between
the semicircle and the x — axis is

Area = 1.727"2 =l7r(2)2 =2 .
2 2

Area is also the value of the integral of / from -2 to2 |,

2
| NA—xdx = 2% .
2

Area = —?f(x)dx when f(x)<0 .

Ex:
y=x"-1 Y =COSX

x=-11 x=2,
2
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* If anintegrable function y = f(x) has both positive and
negative values on an interval [a,b] .

b
[ f(x)dx = (areaabove x—axis) - ( areabelow x —axis )

Ex:
2z
[sinxdx =0
0

Theorem : ( The integral Evaluation theorem ) (second Fundamental
theorem of calculus )

If f iscont. at every pointof [a,b] and F is any
b
anti derivative of f on [a,b] ,then [ f(x)dx =F(b)—F(a).

Ex:
2
[ x*dx
0
Ex:
2
[(4- x*)dx
2

Steps for Finding Area when the function has positive and
negative values on -

Step 1:

Find the points where f =0
Step 2 :

Use the zeros of [ to partition [a,b] into subintervals.
Step 3 :

Integrate f over each subinterval .

Step 4 :
Add the absolute values of the results .

31




Ex:
Find the area of the region between the x — axis and the curve
y=x'—4x , —2<x<2 .
Sol:
Step 1: The zeros of y . To find where y is zero .

y=x—dx=x(x"—4)=x(x—-2)(x+2)
The zeros occur at x =—2,0 and 2
Step 2 :

The intervals of integration . The point x =—2,0 and 2
partition [— 2,2] into two subinterval [— 2,0] , [0,2] .
Step 3:

4 0

T3 X 2
[(x —4x)dx={?—2x —4
2

-2

4 2

toa X 2
[(x —4x)dx={?—2x =—4
0

0

Step 4 :
Area of region =‘4‘+‘—4‘=4+4=8 .

Indefinite Integrals
To find [ f(x)dx
Step 1 :
Find an antiderivatives F'(x) of f(x)
Step 1 :
Add ¢
[f(x)dx=F(x)+c

Ex:
3

j(x2+5)dx=x?+5x+c .
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COS mx sin mx
+c  2- [cosmxdx =

m m
3- [sec’ xdx=tanx+c 4-[csc® xdx =—cotx+c
5- [secxtanxdx =secx+c  6- [cscxcot xdx=—cscx+c

+C

1- [sinmxdx = —

Ex: 1- [x°dx 2- jcosgdx

Ex: [sin® xdx Ex: [cos® xdx

Ex: [(x+2)dx
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Ex:

Evaluate j

dx
V9 —x°
t Vo—x* = 9(1—x—2)=3 1—(5)2

,then j\/i _j3\/T

We now substitute © = 5 = ? = dx =3du
3du . .o X
[-—— =] —s1n1u+c=s1n1(—)+c
\9 1-u? 3
3./1— (
Ex:
x*dx

Evaluate I HW

V1=x°

Hyperbolic Functions

1- sinh x = c ¢

e +e”
2- coshx =
3- tanhx=%"%

e +e

e +e”
4- cothx =——

e —e

| 2

5- sechx = =—

coshx e'+e

| 2

6- csChx =— =

sinhx e —e™
sinh 2x = 2sinh xcosh x

~
1
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8- cosh2x =cosh” x +sinh” x

cosh2x+1 cosh2x—1

9- cosh’x = ., sinh*x =

10- cosh® x— sinh*x =1
11- tanh’x =1-sech’x
12- coth’x =1+csch’x

e Derivative and Integrals of Hyperbolic Functions

1- i(sinh u) = cosh u@
dx dx

2- 4 (coshu) =sinh u@
dx dx

3- 4 (tanhu) = sechzu.@

dx dx
S (cothu) = —cschzu.@
dx dx
5- 4 (sechu) =—tanhusec hu.@
dx dx
6- 4 (cschu)=—cothucsc hu.@
dx dx

7- [ sinhudu = coshu +c

8- [coshudu =sinhu +c

9- [sech’udu = tanhu +c

10- [csch’udu=—cothu +c

11- [sechutanhudu =—sechu +c

12- [cschu cothudu =—cschu +c
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Ex:

[ coth Sxdx = | cosh5x 1.du

. dx==[—
sinh 5x 5° u

( u =sinh 5x)

= l ln‘u‘ +c= l ln‘sinh Sx‘ +c
5 5
Ex: isinhzxdx
0

In2

Ex: [4e"sinhxdx H W
0

Inverse of the hyperbolic functions

_ o1 _ |
l—-sech'x=cosh”— , csch'x=sinh'— ,
X x

1
coth” x=tanh™ —
X

Derivative :
Ldinhw) 1 du
dx JI+u® dx

d(cosh'u) 1  du

- = — , u > 1
dx Nu? =1 dx
-1
3 d(tanh u): 12.@ , \u\ < 1
dx l—u” dx
-1
4- d(COth u): 12@ ’ ‘u‘ > 1
dx l—u” dx
d(sech™'u) -1 du
5- = == , O0<u<1
dx uN1—u> dx
. -1 .
6. d(sinh™ u) 1 du , 40

dx _‘u‘«/]+u2 'dx
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Ex: show that if » isadiff. func. of x, U > 1 ,
d(coshu) 1 du
dx B \/ﬁ “dx
Sol:
y=cosh™ x
x=coshy

: dy
1=sinh y.—
Y dx

dy_ 1 1 1
dx sinhy \/coshzy—l \/xz—l
y >0 and sinhy > 0 )
By using chain rule ,

d(cosh'u) 1 du

dx _«/uz—].g

(since x > 1 and

Integrals:
du
1- =sinh u+c¢
j\/1+u2
=cosh"u+c , U > 1

du
-1

2- | =

3--

tanh ' u+c if ‘u‘ < 1

coth'u+c if Ju > 1
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2
Ex: Evaluate I 2dx

0/1+ 4x?

je=2r

x" -4

Ex: Evaluate

dx

Sol:
(x=2) (x=2)) x*-4x+4

- — = x-6
x -4 (x-2)(x+2) x+2

2
wzx—6+ 16 x+2 | x2-4x+4
x+2 x+2
X242

-6x+4

-6x-12

+16

Therefore ,

(x—2)3 16
dx =|(x—-6+—)dx
I x*—4 I( x+2)
2
=%—6x+161n‘x+2‘+c

Integration by parts:

The integration by part formula
[udv =uv—[vdu

Ex: Evaluate [xcosxdx

Sol:
Let u=x , dv=cosxdx ,
du=dx , v=sinx
Then
[ x cos xdx = xsin x — [ sin xdx

=xsinx+cosx+c .

1
Ex: Evaluate [xe'dx H.W
0
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Ex: Evaluate [Inxdx H.W
Ex: Evaluate [x’e*"dx

Ex: Evaluate [e” cosxdx
Sol:

Let u=e¢e" , dv=cosxdx
du =e"dx y=sinx
[e*cosxdx =e"sinx—[e"sinxdx
Let u=¢e" , dv=sinxdx

du =e“dx V=—COSX

Jalsil) Agles dlag) B Uy i) 13) Aagill) cigyma 6 JalSill o) Bads

= 2[e" cosxdx=e"sinx+e" cosx

e’ sinx+excosx+

[e* cosxdx =
2

Ex: Evaluate jexxzdx .By tabular integration
Sol: with f(x)=x" and g(x)=e" ,welist:
f(x) and its derivative  g(x) and its integrals

[e'x’dx = x’e” —2xe" +2e" +c¢

Ex: Evaluate | x’sinxdx .By tabular integration H .W
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