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ابن حیان–كلیة التربیة –جامعة بابل   
                قسم الفیزیاء                        المرحلة  الأولى    الریاضیات: المادة 

                           
 

Distance between points 
    The distance between  P( yx 11

, )  and  Q( yx 22
, )  is 

   yyxxd
12

2

12

2
    . 

 

Symmetry Tests for Graphs : 
1- symmetry about the x-axis: 
 

     If the point (x ,y) lies on the graph , then the point (x,-y)  lies on the  
graph . 
2- symmetry about the y-axis : 

       If the point (x ,y) lies on the graph , then the point (-x, y)  lies on the  
graph . 
3- symmetry about the origin : 

            If the point (x ,y) lies on the graph , then the point (-x,- y)  lies on 
the  graph . 
 
Example :  

       The graph of 1
22  yx  has  all three of the symmetries  

1- symmetry about the x-axis   
 (x ,y)  on the graph   

  1
22  yx    

 yxyx
2222 )(      (  )(

22
yy     )   

      
 (x,-y)  lies on the  graph . 
2- symmetry about the y-axis  
    
(x ,y)  on the graph   

  1
22  yx    

  yxyx
2222

)(       (  )(
22 xx     )   

 
   (-x, y)  lies on the  graph . 
3- symmetry about the origin : 
     (x ,y)  on the graph   

  1
22  yx    
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   yxyx
2222

)()(      

    (-x,- y)  lies on the  graph . 
   

Intercepts and More about graphing 
   We find the x-intercept by setting   y  equal to  0  in the equation and 
solving  for  x . 
 We  find the  y-intercept by setting   x  equal to  0  in the equation and 
solving  for  y . 
 
Example :  

Find the intercepts of the graph of the equation  12  xy   . 

 Solution: 

       The  x - intercepts   12  xy     (  let  y = 0  ) 

                                    1,1110 22  xxx    

 

  The  y- intercepts    12  xy     (  let  x = 0  ) 

                                110
2

 yy     

 

Exercises : 
(1) Find the distance  between the given points  
(a)  (1,0)   and  (0,1)    
(b)   (2,4)   and   (-1,0)   
(2)  Find  the intercepts  and test the symmetries their graph  : 

(a)  yx
2

1    (b)  144
22  yx    . 

 

Slope ,and Equations  for  lines : 
  Increments  
Definition:  

     When  a particle  moves  from  yx 11,   to    yx 22 ,     ,the increments 

are  

xxx 12       and   yyy
12

   . 

 Definition :   
       The slope  of a  nonvertical  line is  

x

y
m




  =

xx

yy

12

12




  . 

 
 The slope of a nonvertical line is the tangent  of its angle  of 

inclination . 
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x

y
m




   =   tan      

 
Definition:   
    The  equation  )( 11 xxmyy    is the point –slope equation of the 

line that  passes through the point   yx 11,  with slope  m  .  

Example :  
  Write  an equation for the line that passes through the point (2 ,3 ) with 
slope 23   . 

Solution :  
                  )( 11 xxmyy   

                  )2()23(3  xy     

                    6
2

3



 xy     

Example :   
Write an equation for the line through  (-2 ,-1 ) and (3 ,4 ) . 
 Sol:  
    We first calculate the slope    

m   
xx

yy

12

12




  = 

)2(3

)1(4




  =   1

5

5
    .  

The   yx 11,   in the  point – slope equation  can be  with  

 yx 11,  = (-2 ,-1 )                        yx 11,  = (3 ,4 )                                                           

))2(.(1)1(  xy                 )3.(14  xy  

21  xy                                   34  xy   

1 xy                                        1 xy    

   
Definition :  
           The  equation  bmxy    is the slope – intercepts equation of 

the line with slope  m    and   y- intercept  b  .   
 
 
Remarks  : 

(1) vertical lines  have no  slope . 
(2) Horizontal lines  have slope  0 . 
(3) For  lines that are neither horizontal  nor vertical  it is handy to 

remember : 
(a) they are parallel mm 21    . 

(b)  they are perpendicular  mm 12 1   . 
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The distance from  a point  to a line 
       To calculate the distance from  a point  P( yx 11 ,  )  to a line  L  ,we 

find the point Q( yx 22 ,  )   at the foot  of  the perpendicular  from P to L  

and calculate  the distance  from  P to Q . 

Example :   
   Find the distance from  the point  P(2,1)  to the line L : 2 xy  

Sol: 
   Step 1:  We find an equation  for the line  L   through P(2 ,1 ) 
perpendicular to L .  The  slope  of L : 2 xy   is  1m    . The slope 

of   L   is therefore  1/1m  1  . We set  ( yx 11 , ) =(2,1)  and   

1m   to find  L   is     )2(11  xy    

                                     3 xy     . 

 Step 2 : 
 Find the point Q by  solving the equation for L and   L   simultaneously 
. To find the  x-coordinate  of Q , we equate the two  expressions for y : 
                                        23  xx    
                                       2/1x   .   
 We obtain if   2/1x    and  by substituting in   2 xy  ,we get   

2/5y  .  The coordinates   of  Q  are  (1/2 , 5/2 ) .  

 
Step 3:  We calculate  the distance between  P(2,1)  and   Q  (1/2 , 5/2 )  
 

    


















2

5
1

2

1
2

22

d    =   
2

23

4

18
           

 

Exercises : 
(1)   Find  the slope   if   
  (a)    A(-2 ,-1)  ,  B  (1 ,-2 )       (b)   A (1,2) ,  B (1, -3 )    
 
(2)  Write an equation for the line that passes through the point  P  and  
has the slope  m   . 
 (a)  P(-1 ,1 ) , m = 1    (b)  P (1 ,-1 )   ,m  = -1  
(c)  P ( 4 ,0 )   , m =  -2  
 
   
 (3)  Find  an equation for the line through  P  perpendicular  to  L . Then 
the distance from  P to  L  . 
(a)  P (0 , 0  )    ,  L : 2 xy  . 

(b)  P (1 ,2 )  , L : 32  yx       
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 (c)   P (-2 , 2 )  , L : 42  yx      

 

Functions 
Definition : (definition of function) 
  Dx     Ry    such that  yxf )(      ,where  D is the domain set   

 And  R  is the range set  . 
 

Example :  
Find  the domain and range  set for the function  
 
Function                          Domain                   Range              

xy 2                          < x <                0  y        

 

xy 21               11  x                   10  y  

 

x
y

1
                              0x                        0y   

 

xy                           x0                          y0     

 

xy  4                   4x                          y0        

 
 

Even  and  odd  Functions 
     Definition :  
              A  function )(xfy      is an even function  of   x   if  

)()( xfxf     for every  x   in the function `s  domain .  It is an odd 

function   of   x   if  )()( xfxf     for every  x   in the function `s  

domain .  
 Example  :  
 

xxf 2)(        Even function  :  xx 22
)(    for all   x    

 
   

xxf )(       Odd function  :  xx  )(   for all   x     
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Composition of functions 
  Def :   
        We say that the function   ))(( xgf   is the composite  of g  and  f . 

Thus , the value  of    gf  at   x   is  ))(())(( xgfxgf     . 

 
Example : 

      Find a formula  for  ))(( xgf   if    xxg 2)(    and  7)(  xxf . 

Then  find the value of  ))2((gf   . 

Sol  :  

       7)(  xxf     

77)())(( 2  xxgxgf   . 

 We then find the value of  ))2((gf  by  substituting  2  for   x   :  

372))2(( 2 gf   .   

 
 

Equation  for Circle  in the Plane 
  
Def : 
     A circle  is the set  of points in  a plane  whose distance  from  a given  
fixed point  in the plane is a constant . The fixed point is the center of the 
circle . The constant distance is the radius  of the circle . 
 

The standard  equation for the circle of radius   a   centered at the point  
(h ,k)    is     

                                akyhx 222
       

Example:  
        Find the center and radius  of the circle  

                351
22
 yx   

Sol:  

 Comparing      akyhx 222
    

 1 h       ,  5k       ,    332  aa   . 

 
 

The standard  equation for the circle of radius   a    centered at  the origin  
 

                     ayx
222   

 
    

(h ,k)  

r  
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Equation for Parabolas 
Definition : 
      A parabola is the set of points in a plane that are  equidistance from  a 
given  fixed point  and fixed line . The fixed point is the focus of the  
parabola . The fixed line is called the directrix of the parabola . The 

standard  equation for the  parabola  is 
p

xy
4

2

     .   

Example :  
     Find the focus  and  directrix  of  the parabola  
 Sol:   

      Find  the value of  p  in the standard  equation   
8

2
xy     is   

p

xy
4

2

    

284  pp    . 

Then find the focus and directrix  for this value  of  p   
  Focus   (0 ,  p  )  or  (0,2)   
  Directrix    (   py     )   or    2y    . 

 

A  Review of  Trigonometric  Function 
 

Remark :  
        


180   radians    

180
deg1


 ree      

 

change   45
   to  radians   rad

4180
.45


     

 

change   90
   to  radians   rad

2180
.90


   

change   radians
6


  to degree    30

180
.

6





   

 

change   radians
3


  to degree    60

180
.

3





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                                   √2                                         √3         

                                                              1                             2                                                                                      
 

 
 
                                     1                                                   1 
 
 

   
Example :   
 An  acute  angle  whose vertex lies  at  the center  of a circle of radius   6 
subtends an arc of length  2  .Find  the angle `s  radian  measure .  
 
Sol:  fig  # 

            
36

2 
 

r

s
  . 

The angle measure is   
3


    radians .                                              

 
 
                                                                                                          
                         
 
 
                     
                                                                                        
                                                                                          Fig * 
 
           Fig  #                                                                               
   
  When  an angle of measure    is placed  in standard position at the 

center of a circle of radius  r   , the  six  basic  trigonometric  functions  of  
   are  defined :    figure  *   

     
r

y
sin     ,    

r

x
cos         ,   

x

y
tan      ,             

    

  
y

r
csc     ,     

x

r
sec       ,       

y

x
cot    

45 

45 
 

90  

30  

60 90  

r 

x 

y 
  

0 x 

y 

s 

r  

  
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




cos

sin
tan          ,       




sin

1
csc         ,        




cos

1
sec                  

    

 



tan

1
cot   .   

 
By  (Pythagorean theorem )   

 ryx
222        

1sincos 2

22

2

2

2

2
22 




r

yx

r

y

r

x      

 1sincos
22          true  for all       

 

The  coordinates  of  the  point  P ( x ,y)    can be  expressed  in terms  of 

r   and       as   

 cosrx           ,         sinry   

   
 Note that   if    0    then   rx      and  0y     , so  

             10cos         , 00sin   

If    
2


     then   0x     and  ry      , so  

             0
2

cos 


       , 1
2

sin 


    .   

*     cos)cos(        the cosine  is the even  function .  

*    sin)sin(       the sine  is the odd  function .  

 
 sec)sec(      ,      tan)tan(      

#         

2

2cos1
sin

2

2cos1
cos

cossin22sin

sincos2cos

sincoscossin)sin(

sinsincoscos)cos(

2

2

22

























BABABA

BABABA 
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The  Absolute value function 
The absolute  value of a number  x  ,denoted by  x   is  defined by  the 

formula   
 
             x      if    0x   . 

x      

               x    if    x  <  0 . 
 

*   Note that   xx 2   . 

Example : 
  222

222

2

2




   

Properties  of absolute value   
  1- aa    . 

  2-  aab   b  . 

  3-  
b

a

b

a
    

Example : 

      xx sinsin     ,   5252)5(2  xxx  

 

  
xxx

333
   . 

 

4- baba     ba,  

Ex :  

2253   <   853   

538853    .   

  
* * If   D   is any  positive number , then  

  a   <  D         -D  <  a   <   D   . 

  DaDDa     . 
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Example :   

      5x   <  9 

to   -9   <   x - 5  <  9   

to  -9+5  <   x   <   9+5 
or    -4     <  x   <   14    . 
   
Ex : 

1.   1
3

2


x
     H.W 

 

2.    11
2


x

   H.W  

  
Example :  

x

2
5       <  1    

Sol   :  

            
x

2
5       <  1   

         -1   <    
x

2
5       <      1   

          -6   <   
x

2
    <       -4     

          4    <   
x

2
     <    6   

        2  <     
x

1
      <     3 

      
3

1
     <   x     <    

2

1
    . 
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Limits and  Continuity 
Def :   

       If  the value  of a  function   f    of   x   approach the value  L   as  x   

approaches  c   , we say   f    has   limit   L   as  x   approaches   c and we 

write    Lxf
cx




)(lim   . 

 
Example  :  512*2)12(lim

2




x
x

 . 

                                                                                           y 
 
                                                                                  5       
 
 
 
 
 
                                                                                           0        2                 x       
 
 
 

Ex :  If   f     is the  identity  function  xxf )(    ,  then  for any  value  

of  c      cxxf
cxcx




)(lim)(lim    . 

Ex :  If   f     is the  constant  function  kxf )(    ,  k is constant value      

kkxf
cxcx




)(lim)(lim    .  

 

  Ex :   
     axaxaxaxf n

n
n

n 01
1

1 ...)(  
   is  any  polynomial function , 

then   

acacacacfxf n
n

n
n

cx
01

1
1 ...)()(lim  




  . 

  Ex :   
      If  )(xf     and  )(xg    are  polynomials  , then  )(xr  is called  

rational function   
)(

)(
)(

xg

xf
xr   

)(

)(

)(

)(
lim)(lim

cg

cf

xg

xf
xr

cxcx



    (  provided  0)( cg    ) . 

 
 

o  

o 

o 
12  xy  
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  Ex : Find    

      9)2lim(.lim)2(lim
3

2

3

2

3



xxxx

xxx

  . 

 

  Ex : Find    

       3
4

12

)2(lim

)42(lim

2

42
lim

2

2

2

2

2















 x

xx

x

xx

x

x

x

     . 

  Ex :    Find   

        
4

8
lim 2

3

2 



 x

x
x

  =  L 

    

  
2

42

)2)(2(

)42)(2(

4

8 22

2

3















x

xx

xx

xxx

x

x
     

 

  L  =   3
4

12

2

42
lim

2

2






 x

xx
x

   . 

Ex :   
         

)5(3

25
lim

2

5 


 x

x
x

        H  . W     

 

Relation ship  between  One –sided and  two –sided limits  
 

     A function   f    of   x  has  a limit as x   approaches  c  iff   the right –
hand and left –hand limits  at  c    exist and are equal .   
     

Lxf

LxfLxf

c

c

x

xcx













)(lim

)(lim)(lim

 

 
 
 

Example  : Show that  0lim
0




x
x

  . 

Sol : We prove that   0lim
0




x
x

  by showing  that  the right –hand and  

left –hand   limits are both  0 : 
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




x
x

lim
0

 0lim
0






x
x

    (  xx    if     x  >   0   )     

 






x
x

lim
0

 0lim
0






x
x

    (  xx    if     x  <   0   )  

              

Theorem :  (  The  sandwich  theorem )  
                  Suppose  that  )()()( xhxfxg     for all    cx    in 

some  interval  about  c  and that    
                           Lxhxg

cxcx




)(lim)(lim    . 

Then    Lxf
cx




)(lim   . 

 

Example :   by   using  the sandwich theorem  ,  then   1
sin

lim
0


 x

x

x

     . 

 

Limits  Involving  Infinity 
 
 Example :  

 The  function    
x

xf
1

)(    is defined  for all  real numbers except   

0x   . We  summarize  these facts by saying : 

(a)  As  x    tends to     ,   
x

1
  approaches   to  0 . 

(b)   As  x   approaches  to  0 from  the  right   ,   
x

1
   tends to      .   

 

(c)   As  x   approaches  to  0 from  the  left  ,   
x

1
   tends to      .  

(d)  As  x    tends to     ,   
x

1
  approaches   to  0 .   

 
 

  Ex :     

        
47

lim




 x

x

x

  =  




 xx /47

1
lim

7

1

07

1 





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  Ex :     

        
53

32
lim 2

2




 x

xx
x

  =  
3

2

03

002

)/5(3

)/3()/1(2
lim 2

2











 x

xx

x

  

  Ex :     

        
12

25
lim 3 


 x

x
x

  =  




 )/1(2

)/2()/5(
lim 3

32

x

xx
x

0
02

00





    

  Ex :     

        
1032

74
lim 2

3





 xx

xx
x

          H . W      

 
 
 
 

Continuous  Functions 
 

The  continuity  Test   
        The  function  )(xfy     is  continuous   at  cx    iff    all  three 

of the following  statements  are  true  : 
1-   )(cf   exists   (     c   lies  in  the domain  of   f    )   

2-    )(lim xf
cx

  exists . 

3-   )()(lim cfxf
cx




 . 

Ex: 
      The  sine and  cosine  are  continuous  at every value  of  x  . 
When  x   =   0     
   

0sin0sinlim
0




x
x

   and   0cos1coslim
0




x
x

   . 

 
 

Ex : 

 The  function   
x

y
1

     is  continuous  at every value  of   x    except    

x   =   0  . 

The  function  is not  defined  at  x   =   0  .   f   is not  continuous  . 
 Ex : 

 The  function   
103

3
2 




xx

x
h     is  continuous  at every value  of   x    

except    x   =   5  and     x   =    -2    . 
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Theorem  :   
      If   f    is  continuous   at   c    and   g   is continuous  at  )(cf  , then  

the composite   fg  is  continuous  at  c   . 

   

Ex :   Show that     the  function  
2

sin
2 


x

xx
y   is continuous  at  every 

value  of  x  . 
Sol  :    
  The function y    is the composite  of the continuous function   

 
2

sin
)(

2 


x

xx
xf            continuous   x   ,    

and    xxg )(       is  continuous   x   , therefore  fg   is  continuous  

at  x  . 
 

Exercises : 

  (1)  The  function  
1

1
)(

2






x

xxf     when   1x      and by  2)1( f    

Is   f  cont.  at   x =  1  . 
 

(2)  what  value  should  be assigned  to   a  make  the function  
 

                                  12 x           x  <  3 

             )(xf                                  

                                  ax2              x  ≥   3 
 Cont .  at  x  =3 ?. 
 
 

Derivatives 
Definition : 

        The   derivative  of a  function  f   is  the  function   f   whose value  

at  x  is defined  by  the equation  

                    
h

xfhxf
xf

h

)()(
lim)(

0






       …………..     (*) 

The  fraction  hxfhxf /))()((    is the difference  quotient  for  f   
at  x  .   
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The  slope  and  Tangent 
   When  the number  )(xf   exists  it is  called  the  slope  of  the curve   

)(xfy    at  x   .  The line through the point ))(,( xfx  with slope  

)(xf    is the tangent to the curve   at  x  . 

 
Ex :  
 The derivative   of the function bmxxf )(  is the slope of the line   

bmxy    . 

Sol :  The  calculation takes  four steps : 

Step 1:  write out )(xf   and  )( hxf   : 

                 
                          bmxxf )(                          

                            bhxmhxf  )()(  

                                       bmhmx   
Step 2 :      
                mhxfhxf  )()(  

Step 3 : 
               Divide by    h   

    m
h

mh

h

xfhxf


 )()(
 . 

Step 4 :    Take  the limit  as  0h   
 

   mm
h

xfhxf

hh





lim

)()(
lim

00

   . 

 
 
 
 

Ex : Find  dy /dx   if    
x

y
1

   . 

Sol :  we  take  
x

xf
1

)(     ,  
hx

hxf



1

)(   ,  and  from  the 

quotient    

            
h

xhx
h

xfhxf
11

)()(




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)(

)(
.

1

hxx

hxx

h 


    

                                          
)(

1

)(
.

1

hxxhxx

h

h 







    

We  then take  the limit  as  0h   : 

    
xxxhxxh

xfhxf

dx

dy

hh
2

00

1

)0(

1

)(

1
lim

)()(
lim



















   . 

 

Ex :  Find  )(xf    if    xxxf 2)( 2       H . W   

    

Ex :   show  that    the derivative  of    xy      is   
xdx

dy

2

1
    . H .W 

Ex :  Find an equation for the tangent to the curve  xy      at  4x   

Sol  :  
       The slope  at   4x    is the value  of the  function `s  derivative  

there  . by  above example  gives  
xdx

dy

2

1
   . so the slope   is   

     
x x2

1

4

   
4

1

42

1
    .   

The   tangent  is the line  through the point   P ( 4  , 4   )   = ( 4 , 2 )  
with slope    1/4   : 

Point   ( 4 , 2 )   
Slope    1/4    

 Equation        )4()41(2  xy    

                           21
4

1
 xy      

       1
4

1
 xy                          Y 

                                                                                    y=1/4x+1     
                                                                                          

                                                                                             (4 ,2)     xy   

 
                                                                             
    
 
                                                                                                     X 
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Theorem  :  If  f  has  a derivative  at  cx    ,  then   f     is  continuous  
at   cx    . 
 
Remark :  
     A function  has  a (two sided )derivative  at  a point  iff  the  function's  
right –hand and left –hand derivatives are  defined and are equal  

yxf  )(  is  differentiable  on  a closed interval  [  a  ,  b  ] . 
 

h

afhaf

h

)()(
lim

0






   (  right –hand derivative  at   a   ) 

 

h

bfhbf

h

)()(
lim

0






    (  left –hand derivative  at   b  )  . 

 
Ex : 

       The  function  xy     has  no derivative  at  0x    

Sol: 

     11limlim
00

lim
000





 hh

h

hh

h

h
 (because  hh   , h  >  0  )  

 

 11limlimlim
00

lim
0000








 hh

h

hh

h

hh

h

h
  (because  

hh   , h  <  0  ) .   

 
left –hand derivative    ≠  right –hand derivative  . 
 

Differentiation  Rules 
 

 1-    If   c     is a constant  , then   

              0c
dx

d
  . 

2-  If    u   is a  diff.  function of  x  and   c  is a constant  ,then  

   xcnxc
dx

d nn 1)(     . 
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3-  If    u   is a  diff.  function of  x   and    if    v  is a  diff.  function  of    
x  ,then     

                 
dx

dv

dx

du
vu

dx

d
 )(        .                            

Ex :  Find    y
)4(
 

     63  xy        

Ex  :   H  .W   

1-  Find    y
)4(
                 xxy 12

4
        

2-  Find    y                    23 23
 xxy        

3-  Find    y
)4(
                623 235  xxxy         

 
 

4-  -  If    u   is a  diff.  function of  x   and    if    v  is a  diff.  function  of    
x  ,then     

             
dx

du
v

dx

dv
uvu

dx

d
).(     . 

5-  If    u   is a  diff.  function of  x   and    if    v  is a  diff.  function  of    
x     and  0v    ,then   
 

                            
v

dx

dv
u

dx

du
v

v

u

dx

d
2

)(


       . 

Ex :  Find   the derivative  of     
1

1
2

2






x

xy       .    

Derivative  of   Trigonometric  functions 
          

1- xx
dx

d
cossin    . 

2-  xx
dx

d
sincos          

3-   xx
dx

d 2sectan   

4-   xx
dx

d 2csccot     
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5-  xxx
dx

d
tansecsec        

6-     xxx
dx

d
cotcsccsc      

 
Ex   :    Find    y     if      

1-   xxy sin2      

2-   xxy sec.sin                        H  .W   

3-    xxxy tan3 2      

 
 
Remark : 

    )(.)(
))((

xgfgf
xg

      by using   the Chain Rule   

And  if  y  is  a  diff.  function  of  u      and  u   is a diff. function of  x   , 
then  : 

          
dx

du

du

dy

dx

dy
.    . 

 

Ex  :  If   uuf sin)(     and   4)( 2  xxgu   ,  find  )( gf   at  

2x  . 
Sol  : 

      2)2(2 .)( 

xgux gfgf     = 

2

2

0
)4(.)(sin




xu
x

dx

d
u

dx

d
 

                                                = 44.12.cos
20


 xu

xu  

Ex  : 

       Find  dxdy /    at  0x     if     uy cos    and    xu 3
2




   

H.W  . 
 
Ex  : 

        xxx
dx

d
xx

dx

d
cossin5)(sinsin5sin 445    . 
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Ex:    
 

1-  
3)12( x

dx

d
 

 

2-  x
dx

d
tan                              

                                            H  .W    

3-  x
dx

d
3cos2     

4-    )sin( x
dx

d
     

5-   )
1

tan(
xdx

d
        

 

6-  Express     dxdy /     in terms  of   x   if    

        
3uy      and    12  xu   .        H .  W   
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Implicit Differentiation 
 
 

Implicit  Diff.  Takes Four  Steps  
 
1- Differentiation both sides of the equation  with respect  to  x  . 

2- Collect  the terms  with  
dx

dy
  on one side of the equation . 

3-  Factor out  
dx

dy
   . 

4-  Solve  for 
dx

dy
  by dividing  . 

Ex  :  Find  
dx

dy
   if   yxy sin2 2   

Sol  :   yxy sin2 2   

         )(sin)()2( 2 y
dx

d
x

dx

d
y

dx

d
         [  step   1  ] 

      
dx

dy
yx

dx

dy
cos22         

   x
dx

dy
y

dx

dy
2cos2                              [ step   2  ] 

  x
dx

dy
y 2)cos2(                                  [ step  3 ]   

       
y

x

dx

dy

cos2

2


                                    [ step  4 ]     

 
 

Ex  :  Find  the tangent and normal  to the curve  722  yxyx  at the 

point   ( -1,2 )  .  
 
Sol : 
     We first  use  implicit  diff.  to find  dxdy /   . 

  722  yxyx     

   )()()()7( 22 y
dx

d
xy

dx

d
x

dx

d

dx

d
      
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 02)(2 
dx

dy
y

dx

dx
y

dx

dy
xx     

xy
dx

dy
xy 2)2(       

xy

xy

dx

dy






2

2
     .    

We then  evaluate the derivative  at  1x    ,  2y  ,to obtain    


dx

dy

)2,1(

  
5

4

2

2

)2,1(







xy

xy
 . 

 
The tangent  to the curve  at  )2,1(    is    

           

        ))1(.(
5

4
2  xy      

       
5

14

5

4
 xy     . 

The  normal  to the curve   at   )2,1(   is   

     

      ))1(.(
4

5
2  xy    

            
4

3

4

5
 xy     .   

Ex:  Find  
22 dxyd      if    732 23  yx       H  .W    

 
Ex  :.       

    2

1

2

1

2

1
)(



 xx
dx

d
   =  

x2

1
 

 
 
 
 

Function defined for             derivative defined only x  >  0 
     0x  
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Rolle`s  Theorem   
         Suppose that  )(xfy    is cont. at every point  of the closed 

interval  [ a , b ]  and  differentiable  at  every point  of  its interior         

(a  , b). 

If  0)()(  bfaf    ,  then  there is at least  one number  c  between  a   

and  b   at  which 0)(  cf  .   

Ex :   

     The polynomial function  x
x

xf 3
3

)(
3

   is  cont. at every  point of  

the interval   33  x    and  differentiable  at every point of the  

interval   -3 < x < 3    .   since  0)3()3(  ff   ,  Rolle`s  theorem   

says that  f    must be zero at least once in the open interval  between      

a  = -3   and  b  = 3 . In  fact , 3)( 2  xxf    is zero twice in this 

interval , once  at   3x   and  again  at  3x   .  
 

The  Mean  Value  Theorem  
 

       If   )(xfy    is cont. at every point  of the closed interval  [ a , b ]  

and  differentiable  at  every point  of  its interior  (a  , b) ,  then  there is 

at least  one number  c  between  a   and  b   at  which 

ab

afbf
cf






)()(
)(  .   

 

Ex :      
     The  function  

2)( xxf    is cont.  for  20  x   and  diff. for          

0 < x < 2  . Since  0)0( f      and  4)2( f    , the Mean  Value  

Theorem  says  that  at  some point   c   in the interval the derivative   

xxf 2)(     must have the value  (4 - 0) / (2 - 0)  = 2 . 

Thus  2c  =  2  to get  c  = 1 .  
 

Def : 
 A function )(xf  defined throughout an interval I  is said to increase  on  

I  , if , for any two points 1x  and 2x  in  I ,  2x   >  1x   )( 2xf  > )( 1xf  
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Similarly,  f  is said to decrease on  I  , if , for any two points 1x  and 2x  

in  I ,  2x   >  1x   )( 2xf  < )( 1xf  . 

 
The  Test for  Increasing  and  Decreasing  

         f   is  increasing   when  )(xf      >  0  . Also  f  is  decreasing  

when   )(xf   <  0 ,where  Ix     .  

 

Ex :.  

    The  function 
2xy    decreases  on   ( )0,   , where  the derivative 

xy 2   is negative  ,  and  increase  on  ),0(   ,  where  the derivative 

xy 2   is positive  , 0y  and  tangent to the curve  is  horizontal . 

 
 
 
 
                                                                                                     y 

                                                                                        y=x
2
 

                                                                        f  is dec.                   f is incr.            
                                                                                                                            
 

                                                                                       horizontal tang.   x 
 
 

The  second Derivative  Test  for  concavity   
 
The  graph   of   )(xfy    is concave  down  on any interval  where  

y  <  0  . 

 The  graph  of  )(xfy    is concave  up  on any interval  where y  >  0.   

 

Ex:. 

 The  function 
2xy     

The  function 
3xy    
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 Definition : 
                   A   point on  the graph of a differentiable function  where the 
concavity changes is called  a point  of inflection  . 
 

*  At  a point  of  inflection  on the graph  of a twice differentiable  

function   y  =  0   .    

 

Ex:. 
        xy sin        at    x       or    0x   . 

 

 Ex:. 

       No ,    
4xy      ,   0x    . 

                                                                                    y 
Ex:. 

          3

1

xy       ,   0x              

                                                                                                          x 
                                                   
 
 
 

Steps  in  Graphing  )(xfy   

 
1-  Find   yand y    

2-  Find  where  y is  positive  , negative  , and  zero . 

3- Find  where  y   is  positive  , negative  , and  zero . 

4-  Make a summary  table  . 
5-  Draw  the graph  . 
 
 
 

 Ex:. 

         Graph the function   43 23  xxy      
 
 
 

*  x  = -1 ,3 
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The  second Derivative  Test  for  local maxima and  local 
minima  
 

If  0)(  cf   and   )(cf   <  0 , then  f    has  a local  maximum at 

cx     . 
 If  0)(  cf   and   )(cf   >  0 , then  f    has  a local  minimum at 

cx     . 
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Def:  
      The average velocity of a body moving along  a line from position 

)(tfs   to position  )( ttfs    is   

   v  displacement ⁄  travel time 
t

tfttf

t

s











)()(
   . 

The velocity is the derivative of position . If the position function of a 
body moving  along a line is  )(tfs   , the body `s  velocity at time t  

is       lim)(
0


tdt

ds
tv  

t

tfttf



 )()(
 .  

Ex : 

     If  
216160)( tttfs   . Find the velocity at 256 ft . 

Sol:  

        ttt
dt

d

dt

ds
tv 32160)16160()( 2     ft ⁄   sec . 

25616160)( 2  ttts    

         
0)8)(2(16

025616016 2





tt

tt
 

sec2t  , sec8t  . 

96)2(32160)2( v   ft ⁄   sec 

96)8( v   ft ⁄   sec  .   

 

Def:  
        Speed is the absolute value of velocity . 

For example above speed is  9696    ft ⁄   sec  . 

      

Def:  
       Acceleration is the derivative of velocity . 
 
If a body `s  position  at time t  is  )(tfs   ,  then  the body `s  

acceleration  at time t  is    

       
2

2

dt

sd

dt

dv
a    .   

For example  above is   
          

32)32160(  t
dt

d

dt

dv
a    ft ⁄   sec²  . 

 



 30

Integration  
 

Def:  
       The definite integral of  a function )(xf   over an interval  ],[ ba  

Is usually denoted by 
b

a

dxxf )(  , the number a   and  b   are limits of 

integration  a   lower limit , b   upper limit  of integration . 
 

 Def:  
        If  )(xfy    is nonnegative and integrable over  a closed  

interval  ],[ ba  then the integral  of  f  from  a   to  b   is the area  of  

the region  between the graph of  f  and  the  axisx    from  a   to  

b   .   
 
Ex: 

     Find the value of the integral   dxx2
2

2

4 


     . 

Sol:  
       See  that the graph is a semicircle of radius 2 .The area between 
the semicircle and the axisx   is   

   Area =   2)2(
2

1
.

2

1 22 r   .    

Area  is also the value of the integral of f  from  -2  to 2   ,  

 

dxx2
2

2

4 


 =  2π  . 

Area  =  
b

a

dxxf )(    when    0)( xf   . 

 

Ex:   

     12  xy                                             xy cos  

 

 1,1x                                                   
2

3
,

2


x       
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  *  If  an integrable  function  )(xfy   has  both positive and  

negative values on an interval   ],[ ba   . 

          
b

a

dxxf )(  =  ( area above  axisx   )  - (  area below axisx    ) 

 

Ex:   

       0sin
2

0




xdx          

Theorem :  ( The integral Evaluation theorem ) (second Fundamental     
theorem of calculus )   

                If  f  is cont. at every point of   ],[ ba  and  F   is any            

anti derivative of  f  on  ],[ ba   , then    
b

a

dxxf )(  )()( aFbF   .  

 

Ex:   

    dxx
2

0

2
    

Ex:   

     dxx )4(
2

2

2
 



  

 
 

 Steps for Finding Area when the function  has positive and 
negative  values  on   ],[ ba   
 
Step 1 :   
             Find  the points  where   0f  

Step 2 :   
            Use the zeros of   f  to partition  ],[ ba   into  subintervals . 

Step 3 :   
            Integrate  f  over  each subinterval  . 

 
Step 4 :   
            Add the absolute values of the results  .    
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Ex:   
      Find  the  area of the region between   the axisx   and the curve  

xxy 43    ,  22  x   .  

Sol:  
Step  1:  The zeros of  y  . To  find where y  is zero  . 

      

)2)(2()4(4 23  xxxxxxxy   

The zeros occur at  0,2x  and  2   

Step 2 :  

       The intervals  of integration . The point 0,2x  and  2  

partition   2,2    into two subinterval   0,2  ,   2,0  . 

Step  3 :  

         42
4

)4(

0

2

0

2

2
4

3  








x
x

dxxx   

      42
4

)4(

2

0

2

0

2
4

3  



 x

x
dxxx     

Step  4  :   

        Area  of region  84444   .  

 

Indefinite  Integrals  
To  find   dxxf )(     

Step  1  : 
Find  an  antiderivatives  )(xF   of  )(xf   

Step  1  :  
   Add  c   

cxFdxxf  )()(   

 
Ex:   

    cx
x

dxx   5
3

)5(
3

2   . 
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1-   c
m

mx
mxdx

cos
sin      2-    c

m

mx
mxdx

sin
cos      

3-   cxxdx tansec2
               4-   cxxdx cotcsc2

            

5-   cxxdxx sectansec         6-   cxxdxx csccotcsc  
 

Ex: 1- dxx
5

                                                2-  dx
x


2

cos     

    
 

Ex:    xdx2sin                                   Ex:    xdx2cos                

 
 

Ex:     dxx
5

2                                    
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Ex: 

 Evaluate    
 29 x

dx
 

Let   2
2

2 )
3

(13)
9

1(99
xx

x     

,then  
 29 x

dx
  




2)

3
(13
x

dx
    

We now substitute   
3

x
u       dudx

dx
du 3

3
     


 29 x

dx
  c

x
cu

u

du

x

dx







  )
3

(sinsin
13

3

)
3

(13

11

2
2

  

 

Ex: 

 Evaluate    
 6

2

1 x

dxx
      H.W 

 

Hyperbolic Functions 

1- 
2

sinh
xx ee

x


     

2-  
2

cosh
xx ee

x


      

3-   
xx

xx

ee

ee
x








tanh  

4-  
xx

xx

ee

ee
x








coth     

5-   
xx eex

hx



2

cosh

1
sec    

6-  
xx eex

hx



2

sinh

1
csc     

7-  xxx coshsinh22sinh      
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8-  xxx 22 sinhcosh2cosh      

9-  
2

12cosh
cosh2 


x

x    ,    
2

12cosh
sinh2 


x

x      

10-  x2cosh  x2sinh  1    

11-   x2tanh   1 xh2sec     

12-  x2coth   1 xh2csc       
 

 Derivative  and  Integrals  of  Hyperbolic Functions 

1- 
dx

du
uu

dx

d
.cosh)(sinh        

2- 
dx

du
uu

dx

d
.sinh)(cosh        

3-  
dx

du
uhu

dx

d
.sec)(tanh 2  

 4- 
dx

du
uhu

dx

d
.csc)(coth 2          

 5 - 
dx

du
huuhu

dx

d
.sectanh)(sec         

 6-   
dx

du
huuhu

dx

d
.csccoth)(csc        

 7- cuudu  coshsinh      

8-    cuudu sinhcosh  

9-    cuuduh tanhsec 2
       

10-     cuuduh cothcsc 2
      

11-    chuuduhu sectanhsec       

12-    chuuduhu csccothcsc    
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Ex:   

     
u

du
dx

x

x
xdx

5

1

5sinh

5cosh
5coth       (  )5sinh xu     

                                                 cxcu  5sinhln
5

1
ln

5

1
    

 

Ex: xdx
1

0

2sinh   

 
 

Ex: xdxex sinh4
2ln

0
                          H  .W          

 

Inverse  of the  hyperbolic functions 
 

x
xh

1
coshsec1 11     ,   

x
xh

1
sinhcsc 11      ,  

x
x

1
tanhcoth 11        .       

 Derivative : 

1- 
dx

du

udx

ud
.

1

1)(sinh
2

1






                        

2-  
dx

du

udx

ud
.

1

1)(cosh
2

1






                       ,         u  >    1      

3-  
dx

du

udx

ud
.

1

1)(tanh
2

1






                           ,         u    <    1        

4-   
dx

du

udx

ud
.

1

1)(coth
2

1






                           ,       u   >    1          

5-   
dx

du

uudx

uhd
.

1

1)(sec
2

1








                     ,       0  <  u  <   1     

6-  
dx

du

uudx

ud
.

1

1)(sinh
2

1








                       ,           0u         
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Ex:  show that   if   u   is a diff.  func.  of   x  , u  >    1   ,  

dx

du

udx

ud
.

1

1)(cosh
2

1






     

Sol:   

    xy 1cosh      
    yx cosh       

   
dx

dy
y.sinh1     

   
1

1

1cosh

1

sinh

1
22 





xyydx

dy
             ( since  x  >  1  and            

y  >  0  and   sinh y  >   0   )     
By  using  chain rule  ,    

  
dx

du

udx

ud
.

1

1)(cosh
2

1






    

 

Integrals:             

 1-   cu
u

du




1

2
sinh

1
      

2- cu
u

du




1

2
cosh

1
   ,      u  >    1      

                              cu 1tanh     if      u    <    1              

3-  
 21 u

du
         

                                   cu 1coth     if      u   >    1             

 

4-   c
u

cuh
uu

du




 1
coshsec

1

11

2
    

5-   c
u

cuh
uu

du




 1
sinhcsc

1

11

2
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Ex:  Evaluate   


2

0
241

2

x

dx
    

Ex:  Evaluate   

                          dx
x

x






4

)2(
2

3

      

Sol:                                 

       
2

44

)2)(2(

)2(

4

)2( 23

2

3















x

xx

xx

x

x

x
                        x-6 

  
2

16
6

2

442








x
x

x

xx
                                     x+2     x² -4x+4 

                                                                                                   x² +2 
                                                                                                         -6x+4 
                                                                                                         -6x-12 
                                                                                                                              +16      
Therefore ,   

 dx
x

x






4

)2(
2

3

  dx
x

x )
2

16
6(


         

                        cxx
x

 2ln166
2

2

        

Integration  by  parts: 
 

The  integration by part formula    

       vduuvudv  

 
 

Ex:  Evaluate      xdxx cos       

Sol:    
         Let   xu     ,   xdxdv cos        ,   
                 dxdu       ,   xv sin            
Then    

            xdxx cos  xdxxx sinsin         

                                 cxxx  cossin    . 
 
 
 

Ex:  Evaluate     dxxex

1

0

              H . W    
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Ex:  Evaluate      xdxln                  H .W       

Ex:  Evaluate     dxex x22
                         

 

Ex:  Evaluate     xdxex cos          

Sol:          

       Let   xeu                 ,  xdxdv cos                                      

                dxedu x            xv sin                       
 

xdxex cos    xdxexe xx sinsin                 

       Let   xeu                 ,  xdxdv sin                                      

                dxedu x            xv cos   
       

 نلاحظ ان التكامل  غیر معروف النتیجة  اذا استمرینا في ایجاد عملیة التكامل
     

xexexdxe xxx cossincos2             

       

xdxex cos   c
xexe xx





2

cossin
   

 

Ex:  Evaluate     dxxex 2
      . By  tabular integration    

Sol:  with   
2)( xxf      and  

xexg )(   ,we list : 

        )(xf  and its derivative      )(xg  and its integrals 

      

                2x                       (+)                          xe                                
             

               x2                   (-)                               
xe            

 

               2                    (  +)                              
xe  

 

               0                                                         xe   
 
 

dxxex 2
  cexeex xxx  222

              

Ex:  Evaluate     xdxx sin3
      . By  tabular integration    H .W     
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