

Journal of Babylon University/Pure and Applied Sciences/ No.(3)/ Vol.(21): 2013

The Bound Of The Number Of Out – Degree For The Tournament [image: image2.png]



Nihad Abdel-Jalil Majed

University of Kerbala / collage of Education

Department of Math

Abstract:
In this work, I determine the bounds for the number of out – degree for the tournament [image: image4.png]


. 

الخلاصة :
في هذا البحث وجدت الحدود لعدد الأسهم الخارجة من رؤوس العلاقة الدورية [image: image6.png]


 حيث انه [image: image8.png]


 هو عدد رؤوسها.

1- Introduction 

      The out – degree of Tournament [image: image10.png]


 may be generated by expanding the product:
[image: image11.png](a; + @) [NAR]
P=]] @





for example 
[image: image13.png]P, = (a, +a,) (a; +a;) (a, +as)



 

      [image: image15.png]=aj a, +a,aj +aj az+a,a; +aj a; +a,a3 + 2a,a,a;




David A. (1979) [David 1979]  determined the various out – degree, and their frequency for [image: image17.png]


. Alway G. (1980) [Alw. 1980] extended these results to the cases [image: image19.png]


 and [image: image21.png]n=10



. 
Narayana T. V. [NAR. 1984]   determined the value of [image: image23.png]s(n)



 for [image: image25.png]n=12,..,36



 he conjectured that for [image: image27.png]


 the sequence [image: image29.png]s(n+1)/s(n)



 is monotone increasing with limit four more recently Steinhaus H. [Ste. 1963], has determined the values of  [image: image31.png]s(n)



 for [image: image33.png]n=12,..,51



 by a different method and his data gives additional support to this conjecture. In this work, we will give the bounds for the out–degree of tournament [image: image35.png]


. 
Definition 2.1 [Rob 2009]  A digraph [image: image37.png]


 in said to be tournament if: 

a) [image: image39.png]


 in complete: for each [image: image41.png]


 and [image: image43.png]


 in [image: image45.png]


 ([image: image47.png]


 is the basis of [image: image49.png]


) ([image: image51.png]X,y



) or ([image: image53.png]V, X



) is in [image: image55.png]


.

b) [image: image57.png]


 is antisymmetric: ([image: image59.png]X,y



) in [image: image61.png]


 implies ([image: image63.png]V, X



) is not in [image: image65.png]


.
c) [image: image67.png]


 is irreflexive: ([image: image69.png]X, X



) is not in [image: image71.png]


.

Notation [Joa. 2007]
[image: image73.png]s(n)



 denote the number of different out-degree if size [image: image75.png]


. That is, the number of sets of integers [image: image77.png](51,52, ) Sp)



 such that:- 

[image: image79.png]S+ s+ +s, =n—1



                                           . . . (1)

[image: image81.png]s, + sz+---+s,,2(£)



 for    [image: image83.png]


           . . . (2)

 and [image: image85.png]s +8 s, =(3)



                                         . . . (3)

We now describe a recursive method for deteming [image: image87.png]s(n)




Let [[image: image89.png]t,l]



n denote the number of sets of integers [image: image91.png](51,52, ) Sp)



 that satisfy (1), (2), and the conditions 

[image: image93.png]


                                                     . . . (4)
And      [image: image95.png]


,
Where [image: image97.png]


 (If [image: image99.png]


, then we let [image: image101.png][t,1]"=0



).
Now 

[image: image102.png]ift=10
otherwise’

0 = {;




And if [image: image104.png]


, then 

[image: image105.png][t z[h,l — ]

het




​​​​​​​​​​​​​​​​​​​​​The value of [image: image107.png]s(n)



 is given by the formula
[image: image109.png]s(n) = Selt, ()"



                                                         . . . (5)
It is convenient to enter the values [image: image111.png][t,1]"



 in a table and then use the recurrence relation to form the table of values of [image: image113.png][t,1]"t



. If we only want to determine [image: image115.png]s(n)



 for[image: image117.png]


, we need only determine [image: image119.png][t,f1"



 when
[image: image121.png]


                                                           . . . (6)
And 

[image: image123.png]if n<>

R "

1/2m[§(m—1)]+(n—%m)[§m] if im<nsm



  
We may assume that [image: image125.png][t,1]"=0



   
The following tables illustrate the use of this method for determining [image: image127.png]s(n)



 when [image: image129.png]


.
      [image: image131.png][t,1]*



                          [image: image133.png][t,1]?



                      [image: image135.png][t,1]°




 [image: image137.png]tl



   0  1  2                  [image: image139.png]tl



   1  2  3  4            [image: image141.png]tl



   3  4  5  6
0    1  0  0                   1    1  1  0  0             1   1  0  0  0

1    0  1  0                  2     0  1  1  1             2   1  2  1  1

2    0  0  1                  3     0  0  1  1             3   0  1  2  2

      [image: image143.png][t,1]*



                          [image: image145.png][t,11°



                      [image: image147.png][t,1]°




[image: image149.png]tl



   6  7  8  9              [image: image151.png]tl



   10  11  12                             [image: image153.png]tl



    15
2    2  1  1   0             2     1    0   0                                 3     3
3    2  3  3  3              3     4    4    3                               4     10

4    0  2  3  3              4     4     6   7                               5      9 

If we sum the entries in the sixth table, we find that [image: image155.png]s(6) = 22



.
The values of [image: image157.png]s(n)



 for [image: image159.png],15

n=1,2,



  are given in table 5.

Table 5. [image: image161.png]s(n)



, the number of score vectors of size [image: image163.png]



	[image: image164.png]



	[image: image165.png]s(n)





	1
2

3

4

5

6

7

8

9

10

11

12

13

14

15
	1
1

2

4

9

22

59

167

490

1,486

4,639

14,805
48,107

158,808

531,469


we state the following bounds for [image: image167.png]s(n)




Theorem. There exist constant [image: image169.png]


 and [image: image171.png]


 such that: 

[image: image173.png]c14”



 [image: image175.png]< s(n)



 [image: image177.png]4™
n3/2




Proof. We proof the lower bound we may suppose that n is even, say [image: image179.png]n=2m



. Let [image: image181.png]


 denote the number of nodes that dominate the node [image: image183.png]Dom+1-i



 with the ith largest score [image: image185.png]


  in any tournament [image: image187.png]


, that is, 

[image: image189.png]


                                               . . . (8)
We now consider sets integers [image: image191.png]


 and [image: image193.png]


 such that:
[image: image195.png]S+ S+ H Sy =L+L 4+,



,                           . . . (9)
[image: image197.png]


,                                          . . . (10)
[image: image199.png]


,                                                . . . (11)
[image: image201.png]


,                                            . . . (12)
and

[image: image203.png]


                                                 . . . (13)
Conditions (8) and (9) imply (3) and conditions (8), (10) and (12) imply (1). Furthermore, condition (11) implies (2) if [image: image205.png]


 and conditions (8), (11), (13) and (1) imply (2) if [image: image207.png]m<r<2m-1



, since 
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[image: image209.png]M- @m-




[image: image210.png]= - vm =D+ (Gt +1)




[image: image212.png]>(2m)71;(2m D+ (5)= (2m vy



 

To obtain a lower bound for [image: image214.png]s(2m)



 we will estimate the number of solutions of the systems (9) to (13). There are [image: image216.png]1 2
m+1D7



 sets of integers satisfying each of the systems (10) and (11), and (12) and (13) 
Consequently, the total number of solutions of (9) to (13) will be 
[image: image217.png]



Where [image: image219.png]


 is the number of solutions of (10) and (11) such [image: image221.png]S, + 8, + -+ S,




. [It follows from (10) that [image: image223.png]


]. But 
[image: image224.png]



[image: image225.png]1 2m\ )
s(2m) = (m (mm)) m

2
P
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For some constant c.
To obtain an upper bound for [image: image227.png]s(n)



, We shall estimate the number of sets of nonnegative integers [image: image229.png](51,52, ) Sp)



 satisfying only (1) and (3). The transformation [image: image231.png]


 induces a one–to–one correspondence between these sets and sets of integers [image: image233.png](ay,as,...,a,)



 such that: 
[image: image235.png]lsa,<a,<--<a,<2n<2n-1



                       . . . (14)
And 

[image: image237.png]a, +a,+-+a,



                                                 . . . (15)
The number of solutions of (14) is ([image: image239.png]2n—1



. We shall divide these solutions into classes of [image: image241.png]2n—1



 solutions each, in such a way that no two solutions in the same class have the same sum. Consequently, the number of solution of both (14) and (15) will not exceed[image: image243.png]2n1

@n—1)7 ( )



. The upper bound of the theorem then follows immediately.
Place two solutions [image: image245.png](ay,as,..,a,)



and [image: image247.png](by,b,, ..., by)



 in the same class if and only if the [image: image249.png]a's



 and [image: image251.png]


, in some order, differ by only a constant modulo [image: image253.png]


. It is clear that each class will contain [image: image255.png]2n—1



 solutions. If [image: image257.png](ay,as,..,a,)



and [image: image259.png](by,b,, ..., by)



 are different solutions in the same class and the [image: image261.png]


 can be obtained from the [image: image263.png]a's



 by adding a positive integer [image: image265.png]


 to each of the[image: image267.png]a's



 modulo [image: image269.png]


, then 
[image: image271.png]a,+a,+-+a,+rm=b,+b, +




     (mod [image: image273.png]2n—1



)
But, [image: image275.png]


 (mod [image: image277.png]2n—1



) if [image: image279.png]


 is even and [image: image281.png]m=1/2(r—-1)+n



 (mod [image: image283.png]2n—1



)
If [image: image285.png]


 is odd; in either case [image: image287.png]mz0



 (mod [image: image289.png]2n—1



) for [image: image291.png]


, so [image: image293.png]a,+a,+-+a, b, +b, +

+ b,



. This completes the proof of the theorem.
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