The Universal Quantifier
Consider the proposition ‘All rats are grey’. One way in which we could

paraphrase this proposition is: ‘For every x, if x is a rat, then x is grey’. This gives

us a way of symbolizing the proposition using the predicate symbols described

earlier. Suppose we define:

R(x) : x is a rat.

G(x) : x is grey.

We denote ‘for every x’ by ∀x and we can then write ‘All rats are grey’ as:

∀x[R(x) → G(x)].

The symbol ∀ is called the universal quantifier. The quantified variable ∀x is

read as ‘for all x’ or ‘for every x’.

Example 

Symbolize the proposition ‘Every day I go jogging’.

Solution

Define the following:

D(x) : x is a day.

J (x) : x is when I go jogging.

Then ‘Every day I go jogging’ can be paraphrased ‘For every x, if x is a day, then

x is when I go jogging’. We can express this proposition symbolically by:

∀x[D(x) → J (x)].
The Existential Quantifier
Consider the proposition ‘Some rats are grey’. Here we assert that there is at least

one rat which is grey. We could paraphrase this proposition as ‘There exists at

least one x such that x is a rat and x is grey’. Thus if we define:

R(x) : x is a rat

G(x) : x is grey

and denote ‘there exists at least one x’ by ∃x, then ‘Some rats are grey’ can be

written:

∃x[R(x) ∧ G(x)].

The symbol ∃ is called the existential quantifier and ∃x is read as ‘there exists at

least one x’ or ‘for some x’.

Example 

1. Symbolize ‘Some people think of no one but themselves’.

Solution

Define: P(x) : x is a person

N(x) : x thinks of no one but himself.

Then ‘Some people think of no one but themselves’ can be written:

∃x[P(x) ∧ N(x)].

Negation of Quantified Propositional Functions
The proposition ∀xF(x) states that, for all x in the universe of discourse, x

has the property defined by the predicate F. The negation of this proposition,

￢∀xF(x), states that ‘It is not the case that all x have the property defined by F’,

i.e. there is at least one x that does not have the property F. This is symbolized by

∃x[￢F(x)]. So, for any propositional function F(x), the propositions ￢∀xF(x)

and ∃x[￢F(x)] have the same truth values and are therefore equivalent, i.e.

￢∀xF(x) ≡ ∃x[￢F(x)].

Similarly, the negation of ∃xF(x), symbolized by ￢∃xF(x), states that there does

not exist an x within the universe of discourse that has the property defined by F.

This is the same as saying that, for all x, x does not have the property F, i.e.

∀x[￢F(x)]. Thus we have

￢∃xF(x) ≡ ∀x[￢F(x)]

for all propositional functions F(x).

We can also show that

￢∃x[￢F(x)] ≡ ∀xF(x)

since

￢∃x[￢F(x)] ≡ ∀x[￢￢F(x)] (by the second result above)

≡ ∀xF(x) (by the involution law).

Similarly we can show that

￢∀x[￢F(x)] ≡ ∃xF(x).

For doubly quantified propositional functions, equivalences can be established by

repeated applications of the rules above. For instance:

￢∃y ∀x P(x, y) ≡ ∀y[￢∀x P(x, y)]

≡ ∀y ∃x[￢P(x, y)].

The negation of other similar propositions can be obtained in the same way.

Example 

\We define the following on the universe of men.

M(x) : x is mortal.

C(x) : x lives in the city.
Symbolize the negations of the following propositions changing the quantifier.

(i) All men are immortal.

(ii) Some men live in the city.

Solution

(i) The proposition given can be symbolized by ∀x[￢M(x)]. The negation

of this proposition is given by

￢∀x[￢M(x)] ≡ ∃xM(x).

The resulting proposition is ‘Some men are mortal’.

(ii) ‘Some men live in the city’ is symbolized by ∃xC(x). Its negation is

￢∃xC(x) ≡ ∀x[￢C(x)].

That is, ‘All men live out of the city’.
````                                                                           
