The Algebra of Propositions

Idempotent laws

p ∧ p ≡ p

p ∨ p ≡ p.

Commutative laws

p ∧ q ≡ q ∧ p

p ∨ q ≡ q ∨ p

p 􀀀 q ≡ q 􀀀 p

p ↔ q ≡ q ↔ p.

Associative laws

(p ∧ q) ∧ r ≡ p ∧ (q ∧ r )

(p ∨ q) ∨ r ≡ p ∨ (q ∨ r )

(p 􀀀 q) 􀀀 r ≡ p 􀀀 (q 􀀀 r )

(p ↔ q) ↔r ≡ p ↔ (q ↔r ).

Absorption laws

p ∧ (p ∨ q) ≡ p

p ∨ (p ∧ q) ≡ p.

Distributive laws

p ∧ (q ∨ r ) ≡ (p ∧ q) ∨ (p ∧ r )

p ∨ (q ∧ r ) ≡ (p ∨ q) ∧ (p ∨ r ).

Involution law

..

p ≡ p.

De Morgan’s† laws

p ∨ q ≡ .p ∧ .q

p ∧ q ≡ .p ∨ .q.

Identity laws

p ∨ f ≡ p

p ∧ t ≡ p

p ∨ t ≡ t

p ∧ f ≡ f.

Complement laws

p ∨ .p ≡ t

p ∧ .p ≡ f

f. ≡ t

.t ≡ f.

Example 

Prove that (~p ∧ q) ∨ (p ∨ q) ≡~p.

Solution

(~p ∧ q) ∨ (p ∨ q) ≡ (~p ∧ q) ∨ (~. p ∧~q) (De Morgan’s laws)

≡~p ∧ (q ∨ .q) (distributive laws)

≡~p ∧ t (complement laws)

≡~p. (identity laws

More about Conditionals

Given the conditional proposition p →q, we define the following:

(a) the converse of p → q : q → p

(b) the inverse of p →q: .p → .q

(c) the contrapositive of p →q: .q → .p.

The following truth table gives values of the conditional together with those for

its converse, inverse and contrapositive.

P    q     p →q     q → p     ~.p →~q      ~ q →~.p

T   T    T       T       T           T

T   F    F       T       T           F

F   T    T       F       F           T

F   F    T       T       T           T

From the table we note the following useful result: a conditional proposition

p →q and its contrapositive ~ q →~p are logically equivalent, i.e. (p → q) ≡
(~ q →~p).

Note that a conditional proposition is not logically equivalent to either its converse

or inverse. However, the converse and inverse of a proposition are logically

equivalent to each other.

Example 

State the converse, inverse and contrapositive of the proposition ‘If Jack plays his

guitar then Sara will sing’.

Solution

We define: p: Jack plays his guitar

q: Sara will sing

so that: p →q: If Jack plays his guitar then Sara will sing.

Converse: q → p: If Sara will sing then Jack plays his guitar.

Inverse: ~ p →~q: If Jack doesn’t play his guitar then Sara won’t sing.

Contrapositive: ~q →~p: If Sara won’t sing then Jack doesn’t play his g

Exercise 

1. Prove each of the following logical equivalences using the method of

example 1.8.

(i) (p ∧ p) ∨ (~ p ∨~p) ≡ t.

(ii) (p ∧ q) ∧ q ≡ p ∧ q.

(iii) ~ p ∧ (p ∧ q) ≡~p.

(iv) p ∧ [(p ∨ q) ∨ (p ∨ r )] ≡ p.

(v) q ∧ [(p ∨ q) ∧ (~q ∧~p)] ≡ q.

Arguments


An argument consists of a set of propositions called premises together with

another proposition, purported to follow from the premises, called the conclusion.

We say that the argument is valid if the conjunction of the premises logically

implies the conclusion. Otherwise the argument is said to be invalid. Thus if we

have premises P1, P2, . . . , Pn and a conclusion Q, then the argument is valid if

(P1 ∧ P2 ∧· · ·∧ Pn) _ Q, i.e. if (P1 ∧ P2 ∧· · ·∧ Pn) → Q is a tautology. What

this means (see §1.4) is that whenever P1, P2, . . . , Pn are all true, then Q must be

true. This makes sense since it ensures that, in a valid argument, a set of premises

Examples
1. Test the validity of the following argument: ‘If you insulted Bob then I’ll

never speak to you again. You insulted Bob so I’ll never speak to you

again.’
Solution

We define: p: You insulted Bob.

q: I’ll never speak to you again.

The premises in this argument are: p →q and p.

The conclusion is: q.

We must therefore investigate the truth table for [(p → q) ∧ p] → q. If this

compound proposition is a tautology, then the argument is valid. Otherwise it is

not.

p    q     p →q      (p → q) ∧ p    [(p → q) ∧ p] → q

T   T   T           T             T

T   F   F           F             T

F   T   T           F             T

F   F   T           F             T

This shows that the argument is valid.

2. Test the validity of the following argument: ‘If you are a mathematician

then you are clever. You are clever and rich. Therefore if you are rich

then you are a mathematician.’
Solution

Define: p: You are a mathematician.

q: You are clever.

r : You are rich.

The premises are: p →q and q ∧ r .

The conclusion is: r → p.

We must test whether or not [(p →q) ∧ (q ∧ r )] → (r → p) is a tautology.

P    q    r     p→q    q ∧ r      (p→q) ∧ (q ∧ r )      r→p       [(p→q) ∧ (q ∧ r )]→(r→p)

T   T  T    T    T         T              T                  T

T   T  F    T    F         F              T                  T

T   F  T    F    F         F              T                  T

T   F  F    F    F         F              T                  T

F   T  T    T    T         T              F                  F

F   T  F    T    F         F              T                  T

F   F  T    T    F         F              F                  T

F   F  F    T    F         F              T                  T

From the last column we see that [(p → q) ∧ (q ∧ r )] → (r → p) is not a

tautology and hence the argument is not valid.

Exercise 
Test the validity of the following arguments.

1. If you gamble you’re stupid. You’re not stupid therefore you don’t

gamble.

2. If I leave college then I’ll get a job in a bank. I’m not leaving college so

I won’t get a job in a bank.

3. James is either a policeman or a footballer. If he’s a policeman then he

has big feet. James hasn’t got big feet so he’s a footballer.

4. If I could swim I’d come sailing with you. I can’t swim so I’m not coming

sailing with you.

5. If you find this difficult then you’re stupid or you haven’t done your

homework. You’ve done your homework and you’re not stupid therefore

you won’t find this difficult.

6. You can go out if and only if you do the washing up. If you go out

then you won’t watch television. Therefore you either watch television or

wash up but not both.

7. If I graduate in June then I’ll go on holiday in the summer. In the summer

I’ll get a job or I’ll go on holiday. I won’t go on holiday in the summer

so I won’t graduate in June.

8. If there are clouds in the sky then the sun doesn’t shine and if the sun

doesn’t shine then the temperature falls. The temperature isn’t falling so

there are no clouds in the sky.

9. I shall be a lawyer or a banker (but not both). If I become a lawyer then I

shall never be rich. Therefore I shall be rich only if I become a banker.

10. If you are eligible for admission then you must be under 25 and if you are

not under 25 then you do not qualify for a scholarship. Therefore if you

qualify for a scholarship, you are eligible for admission

2. Use the method of example 1.8 to show that p ∧ (q ∨~p) is logically

equivalent to p ∧ q. State the dual of each of these two propositions and

show that the two dual propositions are also logically equivalent.

3. State the converse, inverse and contrapositive of the proposition: ‘If it’s

not Sunday then the supermarket is open until midnight’.

