Sets and Membership
 A set is to be thought of as any collection

of objects whatsoever. The objects can also be anything and they are calledelements of the set. The elements contained in a given set need not have anything in common (other than the obvious common attribute that they all belong to the given set). Equally, there is no restriction on the number of elements allowed in a set; there may be an infinite number, a finite number or even no elements at

all. There is, however, one restriction we insist upon: given a set and an object,

we should be able to decide (in principle at least—it may be difficult in practice)

whether or not the object belongs to the set. Clearly a concept as general as this has many familiar examples as well as many frivolous one
Notation

We shall generally use upper-case letters to denote sets and lower case letters to denote elements. (This convention will sometimes be violated, for example when the elements of a particular set are themselves sets.) The symbol ∈ denotes ‘belongs to’ or ‘is an element of’. Thus a ∈ A means (the element) a belongs to (the set) A
And  a / ∈ A means ￢(a ∈ A) or a does not belong to A.
Defining Sets

Sets can be defined in various ways. The simplest is by listing the elements enclosed between curly brackets or ‘braces’ { }. The two (well defined) sets in  examples could be written:

A = {a,f,t, π}

B = {2, 4, 6, 8, . . .}.

empty set (or null set), which contains no elements. This set is  usually denoted ø, { }.  

\

Note that

A = {x : P(x)}.

(This is read: the set of all x such that P(x) (is true).)

Note that ‘within A’—that is, if we temporarily regard A as the universe of

discourse—the quantified propositional function ∀x P(x) is a true statement.

Examples 

1. The set B above could be defined as B = {n : n is an even, positive

integer}, or B = {n : n = 2m, where m > 0 and m is an integer}, or, with

a slight change of notation, B = {2m : m > 0 and m is an integer}.

Note that, although the propositional functions used are different, the same elements are generated in each case.

2. The set Cn above could be defined as Cn = {p : p is an integer and

1 < p< n}.

3. The set {1, 2} could alternatively be defined as {x : x2−3x +2 = 0}. We  say that {1, 2} is the solution set of the equation x2 − 3x + 2 = 0.

4. The empty set ø can be defined in this way using any propositional

function P(x) which is true for no objects x. For instance, rather

frivolously,

Ω = {x : x is a green rabbit with long purple ears}.

5. X = {x : x is an honest politician} is not a set unless we define ‘honest’
Equality of Sets

Two sets are defined to be equal if and only if they contain the same elements; that

is, A = B if ∀x[x ∈ A ↔ x ∈ B] is a true proposition,

{1,−12, 1066, π}
{−12, π, 1066, 1}
{1,−12,−12, π, 1066,−12, 1}.
We should perhaps note here that there is only one empty set; or, put another way,all empty sets are equal. This is because any two empty sets contain precisely thesame elements: none!

Also, if P(x) and Q(x) are propositional functions which are true for precisely the same objects x, then the sets they define are equal, i.e.

{x : P(x)} = {x : Q(x)}.

For example, {x : (x − 1)2 = 4} = {x : (x + 1)(x − 3) = 0}, since the two

propositional functions P(x) : (x − 1)2 = 4 and Q(x) : (x + 1)(x − 3) = 0 ar 

true for precisely the same values of x, namely −1 and 3.

Definition 

If A is a finite set its cardinality, |A|, is the number of (distinct) elements which it contains.

If A has an infinite number of elements, we say it has infinite cardinality†, and write |A| =∞.

Other notations commonly used for the cardinality of A are n(A), #(A) and

..A.
Examples 3.3

1. |{ }| = 0 since{ }contains no elements.

2. |{π, 2, Attila the Hun}| = 3.

3. If X = {0, 1, . . . , n} then |X| = n + 1.

4. |{2, 4, 6, 8, . . .}| = ∞.

For example,

1/ let X = {{1, 2}}. Then X contains only a single element, namely

the set {1, 2}, so |X| = 1. It is clearly important to distinguish between the

2/set {1, 2} (which has cardinality 2) and X, the set which has {1, 2} as its only

.

Examples 
1. Let A = {1, {1, 2}}. Note that A has two elements, the number 1 and the

set {1, 2}. Therefore, |A| = 2.

2. Similarly,

|{1, 2, {1, 2}}| = 3,

|{$, {1, 2}}| = 2,

|{@, {$}}| = 2,

Exercises 
1. List the elements of each of the following sets, using the ‘. . . ’ notation

where necessary:

(i) {x : x is an integer and −3 < x < 4}

(ii) {x : x is a positive (integer) multiple of three}

(iii) {x : x = y2 and y is an integer}

(iv) {x : (3x − 1)(x + 2) = 0}

(v) {x : x 􀀀 0 and (3x − 1)(x + 2) = 0}

(vi {x : x is an integer and (3x − 1)(x + 2) = 0}

(vii) {x : x is a positive integer and (3x − 1)(x + 2) = 0}

(viii) {x : 2x is a positive integer}.

2. Let X = {0, 1, 2}. List the elements of each of the following sets:

(i) {z : z = 2x and x ∈ X}

(ii) {z : z = x + y where x ∈ X and y ∈ X}

(iii) {z : x = z + y where x ∈ X and y ∈ X}

(iv) {z : z ∈ X or −z ∈ X}

(v) {z : z2 ∈ X}

(vi) {z : z is an integer and z2 ∈ X}.

3. Determine the cardinality of each of the following sets:

(i) {x : x is an integer and 1/8 < x < 17/2}

(iii) {x : x2 = 1 or 2x2 = 1}

(iv) {a, b, c, {a, b, c}}

(v) {a, {b, c}, {a, b, c}}

(vi) {{a, b, c}, {a, b, c}}

(vii) {a, {a}, {{a}}, {{{a}}}}

4. Use the notation {x : P(x)}, where P(x) is a propositional function, to

describe each of the following sets.

(i) {1, 2, 3, 4, 5}.

(ii) {3, 6, 9, 12, 15, . . . , 27, 30}.

(iii) {1, 3, 5, 7, 9, 11, . . .}.

(iv) {2, 3, 5, 7, 11, 13, 17, 19, 23, . . .}.

 (vi) The set of integers which can be written as the sum of the squares

of two integers.

(vii) The set of all integers less than 1000 which are perfect squares.


Subsets
Definition 

The set A is a subset of the set B, denoted A ⊆ B, if every element of A is also an element of B. Symbolically,                           A ⊆ B if ∀x[x ∈ A → x ∈ B] is true, and conversely.
If A is a subset of B, we say that B is a superset of A, and write B ⊇ A.

Clearly every set B is a subset of itself, B ⊆ B. (This is because, for any given

x, x ∈ B → x ∈ B is ‘automatically’ true.) Any other subset of B is called aproper subset of B. The notation A ⊂ B is used to denote ‘A is a proper subset  of B’. Thus A ⊂ B if and only if A ⊆ B and A = B.
.

Examples 

1. {2, 4, 6, . . .} ⊆ {1, 2, 3, . . .} ⊆ {0, 1, 2, . . .}. Of course, we could have

used the proper subset symbol ⊂ to link these three sets inste                  
2. Let X = {1, {2, 3}}. Then {1} ⊆ X but {2, 3} is not a subset of X, which

we can denote by {2, 3} _⊆ X. However, {2, 3} is an element of X, so

{{2, 3}} ⊆ X. Care clearly needs to be taken to distinguish between set

membership and subset, particularly when a set has elements which are

themselves sets.

To prove that two sets are equal, A = B, it is sufficient (and frequently very  convenient) to show that each is a subset of the other, A ⊆ B and B ⊆ A.

propositions:

(P ↔ Q) ≡ [(P → Q) ∧ (Q → P)].

We know that A = B if ∀x(x ∈ A ↔ x ∈ B) is a true proposition. 
we noted that to prove that a biconditional P ↔ Q is true, it is sufficient to

prove both conditionals P → Q and Q → P are true. It follows that to prove

∀x(x ∈ A ↔ x ∈ B) it is sufficient to prove both ∀x(x ∈ A → x ∈ B) and

∀x(x ∈ B → x ∈ A). But ∀x(x ∈ A → x ∈ B) is true precisely when A ⊆ B   and similarly ∀x(x ∈ B → x ∈ A) is true precisely when B ⊆ A. In summary:
Theorem 

Two sets A and B are equal if and only if A ⊆ B and B ⊆ A.

Examples 

1. Let A = {{1}, {2}, {1, 2}} and let B be the set of all non-empty subsets of  {1, 2}. Show that A = B.

Solution

A ⊆ B since each of the three elements of A is a non-empty subset of {1, 2} and

therefore an element of B.

B ⊆ A since every non-empty subset of {1, 2} (i.e. every element of B) is contained in A.

, we conclude that A = B.

2. Prove that if A ⊆ B and C = {x : x ∈ A ∨ x ∈ B}, then C = B.

Solution

Let A ⊆ B. We will show that B ⊆ C and C ⊆ B.

Let x ∈ B. Then x ∈ A ∨ x ∈ B is true, so x ∈ C. Thus every element of B also

belongs to C, so B ⊆ C.

Now let x ∈ C. Then either x ∈ A or x ∈ B (or both). However, if x ∈ A then it

follows that x ∈ B also, since A ⊆ B. Therefore in either case we can conclude x ∈ B. This shows that every element of C also belongs to B, so C ⊆ B.

We have now shown B ⊆ C and C ⊆ B, so theorem allows us to conclude

that B = C.

universal set which contains as subsets all sets relevant to the current task or study. Anything outside

the universal set is simply not considered. The universal set is not something. The universal set is
frequently denoted U. 

N = {0, 1, 2, 3, . . .} the set of natural numbers.

Z_= {. . . ,−2,−1, 0, 1, 2, . . .} the set of integers†.

Q_ = {p/q : p, q ∈ _and q _= 0} the set of fractions or rational numbers.

_R = the set of real numbers; real numbers can be thought of as corresponding to points on a number line or as numbers written as (possibly infinite)

decimals.

C_ = {x + iy : x, y ∈ _ and i 2 = −1} the set of complex numbers.

.

_ to denote the sets of even and odd integers respectively:

= {2n : n ∈ _} = {. . . ,−4,−2, 0, 2, 4, . . .}

= {2n + 1 : n ∈ _} = {. . . ,−3,−1, 1, 3, 5, . . .}.

.
Exercises 

1. State whether each of the following statements is true or false.

(i) 2 ∈ {1, 2, 3, 4, 5} 

(ii) {2} ∈ {1, 2, 3, 4, 5} 

(iii) 2 ⊆ {1, 2, 3, 4, 5} 
(iv) {2} ⊆ {1, 2, 3, 4, 5}
 (viii) {1, 2, 3, 4, 5} = {5, 4, 3, 2, 1}.

2. (i) List all the subsets of:

(a) {a, b}

(b) {a, b, c}

(c) {a}.

3. In each of the following cases state whether x ∈ A, x ⊆ A, both or

neither:

(i) x = {1}; A = {1, 2, 3}

(ii) x = {1}; A = {{1}, {2}, {3}}

(iii) x = {1}; A = {1, 2, {1, 2}}

(iv) x = {1, 2}; A = {1, 2, {1, 2}}

(v) x = {1}; A = {{1, 2, 3}}

(vi) x = 1; A = {{1}, {2}, {3}}                                                              
4. Given that X = {1, 2, 3, 4}, list the elements of each of the following

sets:

(i) {A : A ⊆ X and |A| = 2}

(ii) {A : A ⊆ X and |A| = 1}

(iii) {A : A is a proper subset of X}

(iv) {A : A ⊆ X and 1 ∈ A}.

5. Let S = {x : x is an integer and 2 < x< 10}. In each of the following

cases, determine whether A ⊆ B, B ⊆ A, both or neither:

(i) A = {x : x is odd} B = {x : x is a multiple of 3}

(ii) A = {x : x is even} B = {x : x2 is even}

(iii) A = {x : x is even} B = {x : x is a power of 2}

(iv) A = {x : 2x + 1 > 7} B = {x : x2 > 20}

(vii) A = {x : x2 − 3x + 2 = 0} B = {x : x + 7 is a perfect square}.

6. In each of the following cases, prove that A ⊆ B:

(i) A = {x : 2x2 + 5x = 3}

B = {x : 2x2 + 17x + 27 = 18/x}

(ii) A = {x : x is a positive integer and x is even}

B = {x : x is a positive integer and x2 is even}

(iii) A = {x : x is an integer and x is a multiple of 6}

B = {x : x is an integer and x is a multiple of 3}.

7. Let A be any set and P(x) be any propositional function.

(i) Prove that B = {x : x ∈ A and P(x)} is a subset of A.

If B ⊂ A what can you deduce about P(x)?

If A = B what can you deduce about P(x)?

(ii) Prove that A is a subset of C = {x : x ∈ A or P(x)}.

If A ⊂ C what can you deduce about P(x)?

If A = C what can you deduce about P(x)?

8. Prove that, if A ⊆ B and C = {x : x ∈ A ∧ x ∈ B}, then C = A.

9. Prove that, if A and B have no elements in common and C = {x :

x ∈ A ∧ x ∈ B}, then C = _.10.
 (i) Prove that, if A ⊆ B and B ⊆ C, then A ⊆ C.                                                                                       
