Power Set
Given any set A we can define the set consisting of all subsets of A. Called the

‘power set of A’, this is almost certainly the most widely used and important

example of a family of sets.

Definition 

Let A be any set. The power set of A, denoted P(A), is the set of all

subsets of A:

P(A) = {B : B ⊆ A}.

Notice that the power set of any set A contains 2N  element  of A since both are subsets of

A. In particular the power set is necessarily non-empty.

Theorem 

For all sets A and B:

(i) A ⊆ B if and only ifp(A) ⊆ p(B).

(ii) p(A) ∩p(B) = p(A ∩ B).

(iii) p(A) ∪p(B) ⊆ p(A ∪ B).

Proof

We shall prove part (i) as an illustration; the proofs of parts (ii) and (iii) are left as

exercises.

To prove the biconditional statement we prove the two conditional statements:

A ⊆ B ⇒ p(A) ⊆ p(B) and p(A) ⊆p(B) ⇒ A ⊆ B.

Firstly, suppose A ⊆ B. We must show that p(A) ⊆ p(B), so let X ∈ p(A).

(i) This means X ⊆ A. Since A ⊆ B, it follows from exercise 3.2.10(i) that X ⊆ B
which means that X ∈ p(B). Since X ∈ p(A) implies X ∈p(B), we

conclude thatp(A) ⊆ p(B), which completes the first half of the proof.

To prove the converse statement, suppose p(A) ⊆ p(B). Since A ∈ p(A), it

follows that A ∈ p(B). This means that A ⊆ B, which completes the proof. 
Examples 

1. p(Φ) = { Φ }

p{a} = { Φ, {a}}

p{a, b} = {Φ, {a}, {b}, {a, b}}

p{a, b, c} = { Φ, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}}.

2. Let A = {1, 2, 3} and B = {1, 2}. Determine whether each of the

following is true or false and give a brief justification.

(i) B ∈ p(A)

(ii) B ∈ A

(iii) A ∈p(A)

(iv) A ⊆ p(A)

(v) B ⊆ p(A)

(vi) {{1}, B} ⊆ p(A)

(vii) Φ ∈ p(A)

(viii) Φ ⊆ p(A).

Solution

(i) True: B is a subset of A so B is an element of its power set.

(ii) False: B is a set but the elements of A are numbers, so B is not an element

of A.

(iii) True: since A ⊆ A it follows that A ∈ p(A). In fact, as noted above,

this is the case for any set A.

(iv) False: the elements of A are numbers whereas the elements of p(A)

are sets (namely subsets of A). Hence the elements of A cannot also be

elements ofp(A), so A _⊆p(A).

(v) False: for the same reasons as given in part (iv).

(vi) True: {1} ∈ p(A) (since {1} ⊆ A) and B ∈ p(A) (part (i)) so

each element of the set {{1}, B} is also an element of p(A); hence

{{1}, B} ⊆ p(A).

(vii) True: since Φ ⊆ A, we have Φ ∈ 􀀀(A).
(ii) X andp(A) is certainly a set, so Φ ⊆ p(A).
3. Again we emphasize that great care should be taken to use ∈ and ⊆
correctly. For instance, if a ∈ A then {a} ⊆ A so {a} ∈ p(A). There is

particular scope for confusion when x and {x} are both elements of a set

X.

Let A = {1, 2, {1}}. Then 1 ∈ A so {1} ⊆ A, and therefore {1} ∈ p(A).

In this case {1} ∈ A as well, so {{1}} ∈ 􀀀(A). In fact

p(A) = { Φ, {1}, {2}, {{1}}, {1, 2}, {1, {1}}, {2, {1}}, A}.

Recall that 1, {1}, {{1}} are all different. The first is a number, the second

a set whose only element is a number, and the third a set whose only

element is a set. Clearly we could continue in this way to produce an

infinite sequence of different sets:

{1}, {{1}}, {{{1}}}, . . ..

Each set in this sequence (except the first) could be defined as the set

whose single element is the previous set in the sequence. More precisely,

if we define

X1 = {1} and Xn+1 = {Xn} for n = 1, 2, 3, . . .

then the sequence X1, X2, X3, . . . is identical with the sequence of sets

above. As a final step, 

.

Theorem 

If |A| = n then |p(A)| = 2n.

Some authors use 2A to denote the power set: then theorem 3.5 takes the elegant

form |2A| = 2|A|.
Partitions of a Set
Definition 

Let A be a set. A partition of A is a family (i.e. a set) {Si : i ∈ I } of
non-empty subsets of A such that:

(i)

_
i∈I

USi = A, and
(iii) (ii) Si ∩ Sj = Φ if i _≠ j, for all i, j ∈ I .
Perhaps it is worth pointing out that pairwise disjoint is a stronger condition than
requiring the intersection of the whole family to be the empty set. For example, if

A = {1, 2}, B = {2, 3} and C = {5, 4} then the family {A, B,C} is not pairwise

disjoint since A ∩ B _= Φ, for example. However, A ∩ B ∩ C = Φ, since there is

no element common to all three sets.

Examples 
 {{1}, {2, 3}, {4, 5, 6}} is a partition of {1, 2, 3, 4, 5, 6}.
Exercises 3.5
1. List the elements ofP(A) in the following cases:
(i) A = {a, b, c, d}

(ii) A = {{1}, {1, 2}}

(iii) A = {{1}, {1, 2}, {1, 2, 3}}

(iv) A = {1, 2}

2. Let A = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. Determine whether each of the

following is a partition of A. If the set is not a partition, explain why

not.

(i) {1, 2, {3, 4}, {5, 6}, {7, 8}, {9, 10}}

(ii) {{1, 2}, {3, 4}, {5, 6}, {7, 8}, {9, 10}}

(iii) {{1, 3, 5, 7, 9}, {2, 4, 8}, {10}}

(iv) {{1, 5}, {2, 6, 10}, {3}, {4, 7, 9}, {8}}
(iv) (v) {{2, 8, 10}, {1, 6}, {3, 4, 5}, {7, 8, 9}}.
3. Which of the following are partitions of the set {2, 3, 7, 9, 10}?
(i) {{2, 3}, {3, 7, 9}, {10}}

(ii) {{2, 10}, {3, 7}, {9}}

(iii) {{2, 3, 4}, {7, 9, 10}}

(iv) {{2}, {3}, {7}, {9}, {10}}

(v) {2, 3, 7, 9, 10}

(vi) {{2, 3, 7, 9, 10}}

(vii) {{10, 3}, {7, 2}}

(viii) {{2, 9, 10}, {3, 7},􀀀}.

4. (i) How many partitions are there of the set {a, b, c, d}?
