MATHEMATICAL INDUCTION

An essential property of the set N = {1, 2, 3, …} of positive integers follows:

   Principle of Mathematical Induction I: Let P be a 
  proposition deﬁned on the positive integers N; that is, P (n)

  is either true or false for each n ∈ N. Suppose P has the    following two properties:

(i)
P (1) is true.    
(ii)
P (k + 1) is true whenever P (k) is true.
 Then Pis true for every positive integer n ∈ N.

 We shall not prove this principle. In fact, this principle is    usually given as one of the axioms when N is

  developed axiomatically.

EXAMPLE  1

Let Pbe the proposition that the sum of the ﬁrst n odd numbers is n2; that is,

                P (n) : 1 + 3 + 5 + · · · + (2n − 1) = n2   

(The kth odd number is 2k − 1, and the next odd number is 2k + 1.) Observe that P (n) is true for n = 1; namely,

P (1) = 12
Assuming P (k) is true, we add 2k + 1 to both sides of P (k), obtaining

           1 + 3 + 5 + · · · + (2k − 1) + (2k + 1) − k2+ (2k + 1) = (k + 1)2
which is P (k + 1). In other words, P (k + 1) is true whenever P (k) is true. By the principle of mathematical

induction, P
is true for all n.

.

Remark: Sometimes one wants to prove that a proposition P is true for the set of integers

{a, a + 1, a + 2, a + 3, . . .}

where a is any integer, possibly zero. This can be done by simply 
replacing 1 by a in either of the above Principles

of Mathematical Induction.

EXAMPLE  2 

Prove the proposition P(n) that the sum of the first n positive integers 

n(n + 1) /2  ; that is,

P(n) = 1 + 2 + 3+・ ・ ・+n =( n(n + 1))/2
The proposition holds for n = 1 since:

P(1) : 1 = ((1)(1 + 1))/2
Assuming P(k) is true,
we add k + 1 to both sides of P(k), obtaining

1 + 2 + 3+・ ・ ・+k + (k + 1)= (k(k + 1))/2 + (k + 1)
=[k(k + 1) + 2(k + 1)]

= [(k + 1)(k + 2)]/2
which is P(k + 1). That is, P(k + 1) is true whenever P(k) is true. By the Principle of Induction, P is true for all n.

EXAMPLE  3

Prove the following proposition (for n ≥ 0):

P(n) : 1 + 2 + 22 + 23 +・ ・ ・+2n = 2n+1 − 1

P(1) is true since 1 = 21 − 1.
 Assuming P(k) is true,
 we add 2k+1 to both sides of P(k), obtaining

1 + 2 + 22 + 23 +・ ・ ・+2k + 2k+1 = 2k+1 − 1 + 2k+1 = 2(2k+1) − 1 = 2k+2 − 1

which is P(k +1). That is, P(k +1) is true whenever P(k) is true. By the principle of induction, P(n) is true for all n.

Excersise
1/ Prove: 2 + 4 + 6+・ ・ ・+2n = n(n + 1)

2/ Prove: 1 + 4 + 7+・ ・ ・+3n − 2 = (n(3n−1))/2

3/ Prove: 12 + 22 + 32 +・ ・ ・+n2 = (n(n+1)(2n+1))/6

