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EXAMPLES :
L, given y = f(u) and u = g(x), find dy/dx -f'(g(x))g"(x)

y=06u—9, u=/(1/2x* 2. y=2u, u=8 — |

3. yv=sinu, u=3x+1| 4. y = cosu, u= —x/3

5. vy =cosu, u =sinx 6. y=sinu, u=x — cosx
7. v =tanu, u = 10x — 5 8. y= —secu, u= x2 4+ Tx
SOL:

2

=6-2x% = 12%°

fu) = 2u? = f'(u) = 6u> = f'(g(x)) = 6(8x — 1*; g(x) = 8x — 1 = ¢'(x) = 8 therefore % = f'(g(x)g'(x)
= 6(8x — 1)* -8 = 48(8x — 1)

f(u) =sinu = f'(u) =cosu = f'(g(x)) =cos(3x+ 1); g(x) = 3x + 1 = ¢(x) = 3: therefore %% = f'(g(x))g'(x)
=(cos(3x + 1))(3) =3 cos(3x+ 1)

4. f(uy=cosu = f'(u)= —sinu = f'(gx)) = sin(T") X)) =5 = gx) = %:t.herefore %3}; = f'(g(x))g'(x)
= sin () - () = 5sin(F)
5. f(u)=cosu = f'(u) = —sinu = f'(g(x)) = —sin(sin x); g(x) = sin x = g'(x) = cos x; therefore

%% = f(g(x))g'(x) = —(sin(sin X)) cos X

flu) =sinu = f'(u) =cosu = f'(g(x)) = cos(x — cos X); g(x) =X — cos X = g(x) =1 + sin x; therefore

! L=

%E = f(g(x))g'(x) = (cos (x — cos X))(1 + sin x)

f(u) = tanu = f'(u) = sec®u = f'(g(x)) = sec* (10x — 5); g(x) = 10x — 5 = ¢'(x) = 10; therefore
% = fl(g(x)g'(x) = (sec® (10x — 5)) (10) = 10 sec* (10x — 5)

fu) = —secu = f'(u) = —secutanu = f'(g(x)) = —sec (x> + 7x)tan (x> + 7x): g(x) = x% 4 7x

= ¢(x) = 2x + 7; therefore & = f/(g(x))g'(x) = —(2x + 7) sec (x* + 7x) tan (x* + 7x)

* Find the derivatives of the functions:

19. p=\V3—1t 20. g = V2r — #?
4 - -

21. s = 5—sin 3t + cos 57
3w S



27.

28.

29.

L¥]
n
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.y =x"sin*x + xcos x

_ a4y
y—21(3x 2) +(4

- - 1 (2
U}J'=(:J_2I)3+§(E

y=(4x+3)xx+ 1"

. h(x) = xtan (2'\;‘?) + 7

sin # .
- J0) = (m)

. = sin(#*) cos(26)

¢ = sin (;_)
Vi+ 1

SOL :

19.

20.

21.

22.

24.

25.

p=vV3-t=3-0/"? =
q=V2r 12 = (2r—%)"/*

s—%sinl%ti %CDSSI =

= % (cos 3t — sin 5t)

) 3t It
.5 =sin [ = | + cos [
K3 Hln(z) 005(2)

. = (csch + cot@)™!

24. r = —(secH + tan )™

| X
26. y = —sin "x — >cos’ x

¥ 3
1 )‘1
o
4
+1)
30. y=(2x — 5 '(x* — 5x)°

32. k(x) = x7sec (%)
e
4. g(1) = (1 + cosr)

sinf
36. r = sec \,-"Etﬂn (é)

8. g = cnt(%”)

d 1 —1/2 . d 1 —1/2 1
F=36 055G 0= 36 v = Ao
=S Lo 2) Pl d o )= Lar-2) P

d 4 d 4 . d 4
G = 32 €os 3t- 3 (30 + == (—sin 51) - F (50 = = cos 3t

1

= x* (4 sin® x & (sin x)) + 2xsin’ x + x (—2 cos *x - L (cos x)) + cos I x

1

= x? (4 sin® x cos x) + 2x sin? X + x((—2 cos ¥ x) (—sin x)) + cos % x

= 4x2 sin® X cos x -} 2x sin?

X 4 2X sin X cos 3 X + cos 2 x

3t 3wty . ds cty _ d (3=t c o 3mty | d (3t 3 t 37 i (3m
s=sin (3F') +cos (3F) = { =cos(3F) -5 (3F) —sin(F) - § (F) = F cos () — F sin (3F)
3 3t 3t
= (cos 3t — sin &)
_ - _9 - 2 c c
r=(cscl +coth) ! = = (cscl+ cot#) L (cscl + cotl) = CS{LC';"CCF?'IHC'()[C;;{ ¢ = Csfciéftlﬁc"m“;;ﬁ’
csc #
T escl o cotd
~ ‘ . 2 )
r—=—(sec 4 tan0) ! = £ — (sec O +tan @) ? g (secd + tan ) — cllmbisech  secflinPrsech)
sec #
T secd ftan @
—x?sin?x 4 xcos?x = ¥ x2d giptx) psin?x- L (x2) +x L (cos?x)+ cos?x- L (x)
dx dx dx dx dx



26. y = Lsin?x
1 .
= ¢ (~5sin
= 2sin Oxcosx — -
27y = 3 Gx - 2)7 4 (4
7 i
=57 3% 2534 (
8. y—(5- 207+ 13 11)" =
5 3
e ()
T 5-2xt X2
29 y=@x ) x P = P

30.

31.

(5]
]

F sin # < sin _da sin 6 2sinf _ (1+ cosf)cosd)— (sin f)(—sin 8)

33. t(())_(]Icosﬂ - t(())_z(] {-cos g dg (llcosH ~ 1+4cosf (1 -+ cos 8)2
(2 sin #) (cos @ + cos® # + sin® A) (2 sin 8) (cos & + 1) 2 sin @
- (1 + cos #)° - (1+ cos 8)7 T~ (1+cosf)
£ 14 cost) ! ' l4costy ™2  d (1l4cost sin®t  _ (sin )(—sin ) — (1 4 cos B)(cos t)
34. g(f] - ( sin t g (0) = ( sin t dt ( sin t ) - (14 cos )? (sin ()2
(—sin®t — cos t — cos” t) 1

- (1 4 cos t)? ~ 1+4cost

35. r=sin(0?%) cos(20) = 4 — sin(62) (—sin 20) & (20) 4 Los(”ﬂ) (cos (62)) - & (6?)
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= @x+ D3 DD+ (xF D@ Ex 4 3)PE) =
= B [ 3x 4 3) + 16(x | 1)) = SV AD
y=(2x 551 (x2 - 5x)° = ¥ = (2x - 576) (x2

_ .5 2(x? —.‘:‘ﬁ
= 6(x% -~ 5x) =5

h(x) = x tan

= x sec? (2x

X nmed ), !
E(.O.SX—.»y—

(f)
Y1) -3

- k() = x? sec (1)

el sin

i

.,

Oxcosx) + (sin"?x) (— &)

K(x)=x2 L

=x?sec (L) tan () -(

1
X

dx

5 2o
X4+ XcosTxXsmx

200D+ EE ) ( L) —665

7 = h’(x)f\(—(tm( 2%
(23(]") |- tan (2x] -

(sec —) ! sec(])-di{\ ) = x? sec (];) tfm(%)-%(_};

2)0. L

F0Ox =24 (-4

")))itm( )
st () -

A faineB v\ 1 cind v
& (177 X) + sinT7 X

$((3 cos® x) (—sinx))

1 ed
3(.05

2)(‘1

@x+ 33+ Dt

i (3)

X

8

\]—) | 2xse<.( T) = 2x sec (];)

X d faned v
T x (COs” X)

(cos’x) (3)

G

‘3%)5(2)( 5) 4+ (x2 - 5x)°(

(\()10

tan 2\/_

LD D@ Ex - 3)
3dx 4 DM+ D 4 16dx 4 3P (x4 1P

2% — 5)

cos*x - 4 (%)
2.4y 1

) i@ o)
2x)74

2(2)

d g,
a(—lx +3)

Vxosee? (24/x) + tan (24/%)

sec (1) tan (1)

= sin (6%) (—sin 20)(2) + (cos 26) (cos (67)) (20) =

)+ 2x sec (1)

2 sin {(J

) sin(26) + 20 Los(”(»’)cos{ﬁ )

e (sec \/ﬁ) tan () = §& = (seg \/(J) (sec? &) (— ) + tan (3) (sec V0 tan \/ﬁ) (q ]/E
24
. tan - F fa L s 2 (L
= — 7 sec V0 sec? (%) + h]—/g tan (1) sec VO tan /0 = (sec \/E) { - \i’v’%" (2) WLHB("’J}
. St 1) —t- & (e 1)
=5 t = 99 _ ;g t d t — cOs t RVAREL m (V1)
a=sin( ) = @ =cos(Z) - & () = o5 (A1) Vi)
cos [ — Vit g cos [ — 20+1)—1 L2 ) cos [ ———
o Vit tr 1 - NEE 20+ 02 ) — \ 20+ 12 SV
- sin t . dqg ol B0t d (sint o2 sint tcost—sint
C{—LOI.( t ) = m — ¢ ( [ ) E( t )_( CsC ([T )( & )
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*find dyv/dt

39. y = sin® (71 — 2) 40. y = sec’ 7t
41. y = (1 + cos2t)* 42. y = (1 + cot(#/2))?
43. y = sin(cos(2t — 5)) 44. y = cos (5 sin (é’))

; - .
45. y = (1 + tan* (1—}‘2)) 46. y = {l](l + cos? (?r.}.)j
47. y = \‘m 48. y = 4sin [ V1 + })

39. y = sin® (7t — 2) = %% = 2sin(mt—2) - & sin(wt— 2) = 2 sin (7t — 2) - cos (7t — 2) - L (7t — 2)

= 2 sin (7t — 2) cos (7t — 2)

40. y = sec? Tt = %% = (2 sec mt) - % (sec mt) = (2 sec mt)(sec 7t tan 7t) - d (7rt) = 27 sec? 7t tan 7t

41. y = (1 4 cos 2ty 1 = %%7 4(1 + cos 2t) 5-%(l | cos 2t) = —4(1 -+ cos 2t)( sin2t)-%(2t)f []?i‘gét}s

)) 3-%(1 Feot(3)) = -2 (1+cot(3)) 3-( ese? (£)) - &

[T

42,y = (L +cot(L)) ™ = ¥ = 2(1+cot(
esc? (1)

(1+cot(g))

43, y = sin(cos (2t — 5)) = %% = cos(cos (2t — 5)) - % cos (2t — 5) = cos(cos (2t — 5)) - (—sin (2t — 5)) - % (2t—5)
= —2cos(cos (2t — 5))sin (2t — 3))

4. y=cos(5sin(%)) = L= —sin(Ssin(L)) -4 (Ssin (L)) = —sin(5sin (L)) (Scos (L)) - 4 (1)

= — 2sin(5sin (%)) (cos (1))

)]: = F =3[l +tan (%)]2 41+ tan' ({5)] = 3 [1 + tan’ (%)]2 [4tan® (&) - 4 tan ({5)]

45. y = [l + tan' (5 5
') [“ﬂ (f—g) sec? (1) - f7) = [1+ tant () )" [tan® () see? (5p)]

= l”[l |- tan’

46. y = ]E 1+ cos’ (';"t)]"g = %% = % 1+ cos? (';"t)}g -2 cos (Tt)(—sin(70))(7) = —~7[1 + cos? (7t)]2(cos (7t) sin (7t))

47. y = (11 cos{:tj))]”:g = X =1(1+}cos(t?)) 72 L(1 4 cos(t?)) = L (1 + cos (%)) ]2( sin (%) - & (%))
= %{l I cos (%)) 1/é (sin(t?)) - 2t = 7%

Y

48.y_4sin(v’li\ﬂ) = %%_4003(\/"1{\/?) (\/fli t)_-lcos(v’li\/r) — -1+ Y

2 v ] byt
2 cos (\1 f \/?) cos (\,.-"‘I] f x-/E)

\,-"‘Il } x/?v?\,/? \;"'III } x./E
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*Find y" -

3 .
49. y = (1 + xl) 50. y = (1 — Va)!
- 1 - X
51. y = Gcot(_’ax - 1) 52. y=9tan |3
SOL:

Wy = () >y 3 ) 20D S Y - R A0 Y (YA (R)
N LR e R IR R (R R (M APV R
—£0rh (43

e I R R (R Pl (BN R S S BV R

5Ly=tcotBx—1) = y = Lese?Bx— N3 = Lese?Bx— 1) = y' = (— 3)(eseBx— 1)- Lese3x — 1))

= —2cese(3x — D)(—eseBx — Deot3x — 1) L (3x— 1)) = 2ese? (3x — 1) cot(3x — 1)
52. y=9tan(3) = y =9(sec’ (3)) (3) =3sec* (§) = y"=3-2sec () (sec (%) tan(3)) () = 2sec? (%) tan (%)
*find the value of (f o )" at the given value of x :

f)=uw+ 1, u=gx)=Vx, x=1

tn

- . 1

5. flu) =1 — . u=g(x)=l_x. x = —1I

55. f(u) = cot%. u=g(x)=5Vx, x=1

56. f(u) =u + 12 . u=g(x)y=mx, x=1/4

cos™ u
. 2u >

57. f(u) = — Lu=gx)=10x"+x+1, x=0
u- + 1

- : fu—1 : _ 1 _

58. fl(u) = (” n ]) .ou = g(x) - . x ]

SOL:

53. g(x) = /x = Q(X)—ﬁ; = g)=Tland (1) = L:f(u) =uv’ + 1 = f'(u)= 50" = f'(g1)) =f'(1) =5
therefore, (fo g)'(1) = f'(g(1)) - g'(1) = 5 - % = %
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th
b

= g 1)_%andg’( 1)—%:f(u)_l 1

u

g =01-x0" = d0=-0-x7CD=qg5
= f'(u) =L = f'(g(- 1) =f (%) = 4: therefore, (fo g/(— 1) = f'(g(- (- 1) =4- 1 =1

t=

2

55. gx) =5/x = ¢(x)= ﬁ; = g() =5and g'(1) = 3: f(u) = cot (55) = f'(u)= —csc? (1) (5)
= TZosc? (M) = f(g(1) =1'(5) = — & ese? (§) = — I« therefore, (fo g (1) = f'(g(1)g(1) =

INE E|-.

1

n
=

gx)=mx = gdx) =7 = g(
=1+ 2sec’utanu = f'(g(%

i
~

uI T (u? 4

= =22 f(g(0)) = /(1) = 0; therefore, (fo g)'(0) = '(2(0)d(©) =0-1 =0

(u?+1)

n
0

Le =l = =2 = g h=0and (- 1) =2 f(w) = (1) = Py =2(1H) L

u-+ 1 u- 1

Afu—1y A+ Lil)—(u—1)l) 2{u— 1)32) 4u—1) . .
_‘(ull) (u+ 1)? — Turip  urng T(i-_.( 1))—T(0 = —4: therefore,

(fog)(—1)=1'(g(—1Ng(—1)=(—4(2)= -8

EX:

63. Find dy/dx if v = x by using the Chain Rule with v as a compos-
ite of
a. y=(u/5) +7 and w = 5x — 35
b. vy =1+ (1/u) and w = 1/(x — 1).

64. Find dy/dx if v = x32 by using the Chain Rule with y as a com-
posite of

a. y=wu and wu =\

L H

b. y=Vu and u = x°.

63. With y = x, we should get d—) = 1 for both (a) and (b):

0 -

(&I

j—f) =Zand g (§) =m f(u) =u sec’u = f'(u) =1} 2secu-secutanu
)) =1 (%) = 1+ 2sec* T tan & = 5: therefore, (fog) (1) =f'(g(3)) g (3) = 5n

(2u)(2u)

eX) =10 +x+1 = ¢X)=20x+1 = g0) =land £(0) = I; f(u) = 22 = f'(u) = (0 + 1)) - Qw2

1)°

(v57)

u ] ., du y dy du 1. . .
(@) y=3+7 = du ju=5x—35 = 5 =9 therefore, d =4 @ — 59 =1, asexpected
1, & 1. 1 @ , 2 dy _ dy  du
(b) y—l by = = giu=x-D" = = —(x (l)— = 1]q.rheletme TR
1 1 1 1 2 1 Aol A .
=P R T oy G T (X — 1) - revi 1, again as expected
64. Withy = x*/*, we should get & = 2 x'/2 for both (a) and (b):
3 o 2 L du dy _ dy du 2. 1 _3( /X)L -3
(a) y=u = du =3t u= \f = 5= fx ; therefore, T T 3u N 3 (\/;) N
as expected.
. 3 du_ a2 dy  dy du 122 1 ay2 3,12
(b) y= \/u = du 5 .f =X = g 3x*; therefore, il TR W Xt = W 3x" = 3X

again as expected.
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