EXAMPLE 1  Derivatives Involving the Sine

2

(a) v =x° — sinx:

(b) v = x“sinux:

(C) y = Sl;x:

dy d .
o 2x — Ix (sm x) Difference Rule
= 2x — cosX.
dy d . .
d—i = xga (sm :() + 2xsinx Product Rule
2

= x“cosx + 2xsinx.

d . .
x-—sinx) — sinx-1
dx )
= Quotient Rule
¥2

XCOSX — sinx

x?.

EXAMPLE 2  Derivatives Involving the Cosine

(a) v = 5x + cosx:

dv
dj_: = ;; (5x) + {;1 (CDS :-.’) Sum Rule
=5 —sinx.
(b) v = sinxcosux:
av
d_{( = sinx%(cnsx) + cos:{%(sinx) Product Rule
= sinx(—sinx) + cosx(cosx)
= cos’x — sin®x.
_ COSX
(© y= | — sinx’
dy (1 — sinx)%(cosx) — cosx%(l — sinx)
a;x = - (1 — s 'r)2 - Quotient Rule
_ (1 = sinx)(—sinx) — cosx(0 — cosx)
(1 — sinx)?
1 —sinx . )
= ﬁ sin“x + cos“x = |
— sinx
1

I —sinx’



EX: Prove that

% (ta““") = sec’x

Proof :
d . . d
d B d sin v B COSXE(SIHX) - SIHXE(CDSX)
E(tanx) ~ dx \cosx | T cos? x
_ cosxcosx — sinx (—sinx)
COSz,‘(
_ cos®x + sin’x
C052X
N
— = secx
cos™ X
EX: Find :
Find y" ify = secx
SOL :
y = secx
y' = secxtanx
"o i
yo=n (sec xtanx)
= secx d (tan r) + tan x d (9ec ‘() Product Rul
— AT . AT e roauc e
dx dx
= sec x(sec® x) + tan x(secx tan x)
= sec’x + secxtan®x
EX:
Finding a Trigonometric Limit
V2 + secx
m
x—0 cos(m — tanx)
SOL:
lim V2 +secx  V24see0 V241 V3 B
x—0 cos(7m — tanx) cos(7m — tan0)  cos(m — 0) -1

EX:Find % :
i

Quotient Rule



3 - .
1. v= —10x + 3cosx 2. y =y + Ssinx
3 =cscx — 4Vx + 7 4 = *-cgz::-::-l:'ac—L
3. y = cseo , -y =x’cotx —
5. v = (secx + tanx)(secx — tanx)
6. v = (sinx + cosx) secx
cotx COs X
7. = — B. y= ——-_—
Y I + cotx Y 1 + sinx
4 l COS X X
9.y =%Zosx * Tanx 10. y ===+ Gosx

11. v = x*sinx + 2xcosx — 2sinx

12. v = x*cosx — 2xsinx — 2 cosx

SOLUTIONS:

. y= leIBcosx_“»%%— 10+ 3 4 (cosx) = ~ 10— 3sinx

3 . Ldy -3 d o -3
2. y=5+5sinx = _1_? F5 g (sinx) = = + 5cos x

dx
3. y=cscx 4\&{?_:» %— CSC X cot X ,,4‘(10— CsSC X cot X 72;
4. y—xgcotx % = %—xgﬁ(cotx) ! cotx-%(xg} ! ){2—3— x2 csc? x 4 (cot x)(2x) 4 %

9 2
= —X“Cse X | 2xcot X f-r

5. y = (sec x+ tan x)(sec X — tan x) = g{ = (sec X+ tan x) %(sec X — tan X) + (sec X — tan X) % (sec X 4 tan x)

= (sec X + tan X) (sec X tan x — sec” X) + (sec X — tan X) (sec X tan X + sec’ )

9 2 9 9 2 2
= (SEC“ X tan X - sec X tan® X SBC3 X — sec” X tan X) } (SEC“ X tan X — sec X tan” X sec3 X — fan X sec” X) =0

(Note also thaty = sec®x — tan’x = (tan’x + 1) — ta’x = 1 = & = O‘)



6. y = (sin X | cos x)sec X

= (sin X + cos X)(sec X tan X) -} (sec X)(cos X

sin® X -+ cos x sin X 4 cos® x

s

ax — (sin X+ cos X) 5o (sec X) | sec X 5-(sin X - cos X)

COS X sin X

sin X + cos X) sin X

cos X —sinx

sin x) = & |

Cos* X

1 a2
— sec” X

COs< X

. d r
(Note also thaty = sin x sec X + cosxsecXx =tanx + 1 =

cos?x

9
— SecT X

dx

COS X

)

7 cot X . dy i1 Icotx]%[cotx} [cotxl%[] Fcot X) (14 cotx)(—esc? x) — (cot x) (—csc? x)
- Y= I+cotx — dx — (1 + cot x)? - (1 + cot x)?
2 . nen? v . o v . -
C8C” X — CSC~ X COt X + CSC” X col X CSC° X
- (14 cot x)* T (1 cotx)’
g oS X . dy _ (L4sinx) L(eosx)— (cosx) & (1 +sinx) (1 -+ sin x) (—sin x) — (cos X) (cos x)
- Y =1 beinx 7 dx (14 sin x)? - (1 4 sin x)2
sin x — sin® x — cos® x sin x — 1 (14 sin x) 1
- (14 sin x)* T (I+4sinx)? T (I4sinx)? T 1 4sinx
4 1 A cnn e Y g ean 2
9. y= { =4secx fcotx = £ =4secxtanX — csc”X

oS X tan x

10 cosx X L dy X(—sin x) — {cos X)(1) i {cos X)(1) — %(—sin ) X sin X — cos X { cos X 4 X sin x
Y= X cosx dx X2 cosZ x - X2 cosZx
11. y = x*sinx + 2x cos x — 2sinx = %&7 (x% cos x + (sin X)(2x)) + ((2x)(—sin x) + (cos x)(2)) — 2 cos X
=x%cos X+ 2xsinX — 2Xsin X + 2 cos X — 2 cos X = x2 cos X
12. y = x> cos x — 2xsinx — 2 cos x = %_ (x%(—sin x) + (cos X)(2x)) — (2x cos x + (sin X)(2)) — 2(—sin x)
= —x*sin X+ 2Xcos X — 2Xcos X — 2sin X + 2 sin X = —x2 sin X
. d
EX:Find £
dr
]
13. s = tant — f 4. s =t —sect + 1
- 1 + csct sin ¢
I5. s = ——— 16. s = ——
1 — csct I — cost
SOLUTIONS :
: 9 9
13. s=tant —t = % = % (tant) — 1 = sec -t — | = tan-t
/ 9 3
14, s=1t —sect+ 1 = % =2t %(sec t) =2t —secttant
15. s 14 csct . ds (1 — csc t)(—cscteoott)— (1+ csct)(csctcoti)
I [ [ (1 —cscr)?
csctcott+ csc®teott—cscteott— csc’teott 2cscteott
- (1 —csct)? — (I—csct)?
16. s sin t . ds _ (1—costycost)—(sint)(sin ) cos t— cos®t — sin’ t cost—1 1
© 7T l—cost 7 dt (1 — cost)? - (1 —cost)? — {l—cost)? — l—cost
1

T ocost—1




EX : Find & :
I

17. r =4 — 0*sind 18. » = #sinf + cos ¥
19. » = secHcsc 20. r = (1 + sec#)sind
SOLUTIONS :

17. r=4—0%sinf = & — (62 & (sin 0) + (sin 0)(20)) = — (6% cos O + 20 sin ) = —0(f cos O + 2 sin f)
18. r=40sinf +cosll = g—;—(f) cos @ + (sin #)(1)) — sin & =  cos 0

19. r=secfcscl) = % = (sec #)(—csc f cot @) + (csc d)(sec (! tan &)

= (o) (Gva) (&) + (a) (@7) (GX6) = 5z 1 g = sec™0 — cse?0

20 t=1(1+sec)sinft) = g—;— (1 + sec @) cos 6 + (sin @)(sec 0 tan ) = (cos § + 1) + tan® # = cos # + sec? ¢

EX : Find 2 :
di

2|'p=5+coltq 22. p=1(1+cscg)cosqg
23. p=% 24. pz%
SOLUTIONS :

21. p=51 %“I—S [tang = %E_Secgq

22. p=(l+4ecscqg)ecosq = gs—(l Fcse q)(—sin q) + (cos q)(—csc qeotq) = (—sing — 1) — cot’ q = —sin q — esc’ g

23 p sinq+4cosq . dp (cos q)(cos q — sin q) — (sin q - cos q)(—sin q)

cos q — dq cos? gq
cos® g — cos q sin q + sin® q + cos g sin g 1 2
- cos? q — cos?q sectq
24 fan g . dp (1 + tan q) (sec” q) — (tan q) (sec® q) sec” g+ tan g sec? q — tan g sec’ g sec’ g
- P=7 Ftanqg ~ dq (14 tan g)2 o (1+ tan q)? (1 +tan q)?



EX:
25. Find " if

a. Yy = cscx. b. vy = secx.
SOLUTIONS :
25. (a) y=cscx = y’— CSCX C >y’ {(LSL X) (—csc? x) + (cot X)(—ese X cot X)) = csc? X + ese X cot® X
= (cse x) (ese? X + cot® x }—(LS(. X) (cse X 4 ¢ [) = 2cse? X — cse x

(b) y=secx = y =secxtanx = y’ = (sec x) (sec “’x, |- (tan X)(sec X tan x) = sec” x + sec X tan® X

= (secx)( sec” X + tan? X) = (sea X) sec~ X + sec? x 1)=2 sec’ X — sec x

EX:

26. Find vy = g* y/ax?
a. y= —2sinx. b. v = 9cosx

SOLUTIONS :

26. (a) y=-2sinx = y = -2cosx = y = 2(-sinx)=2sinx = y”"=2cosx = y¥ = 2sinx
(b) y=9cosx = y = -9sinx = y'=-9cosx = y" = -9(-sinx)=9sinx = y*¥ =9cosx

EX : Find the following limits :

. 1 1
39. \lﬂg sin (; — E)

40. lim V1 + cos (wescx)

X—— /!

41. lim uc{cmr + 7 mn( - ) - ]]
¥—0 sec x

T+ tanx
tanx — 2secx

x>

. sin 't
43. lim tan (1 — )

t—0 t

. Ll H
44. lim cos ( HT )

g—=0 sin #

SOLUTIONS:

\..___/4_.

42. lim sin (

39. lim, sin (L — 1) = sin (;

—

1) =sin0=0

R =

% 1 +cos(m-2) \/5

l"}

0. lim_ /1 4 cos(mcsc x) = vfl | Los Cs
X—rE

41, lim sec [cos x+ 7 tan (72—~ ) — 1] =sec [cos O+ mtan (;Z) — 1] =sec [l + mtan(F) — 1] =secm = —1

—



)= 1

ro|=

/ : : T4-tan X ; m--tan 0 :
42. KIE,.HU S (lan x—2 sec x) = s (tan 0—2 sec O) = sm (

— 0

43 Jim tan (1324 —an (1 fim 20) —an(l — 1) =0

—

sin #
—

1 -0 L 1 1
44, glg’n cos )—cos(ﬂgllr_n simg)—cc:s ('rr = ¥)—CDS(’H L) = 1

EX:

50. Derive the formula for the derivative with respect to x of

a. SCC X, b. cscx. ¢, cotx.
SOLUTIONS :
50. (a) sec X 1 . dy (cos x)(0) = (1){—sin x) sin x ( 1 ) (sin x) sec X tan x
= y = AT Ttosx 7 odx (cos X) T cosx ~ \cosx cosx/) ‘

= % (sec X) = sec X tan X

1 . dy {sin x)(0) — (1){cos x) — 05 X -1 COS X ,
(b) y=CsCX = simx 7 dx (sin x)? T osinfx (sinx) (sinx) = —CseXcotx
= 4L (ese x) = —ese X cot X
. cosx . dy (sin x){—sin x) — {cos x)(cos x) —sin® x—cos® x —1 2
(C) y = cotx — sinx 7 dx (sin x) - sin” x = smPx OS¢ X

= % (cot x) = —cse? x



