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EXAMPLES : Evaluate the following integrals by using trigonometric substitutions :

) ' g — . 2
17. / - HL 18. f \—,,Hdn-'
w4 — w- W=

19 / V32 42 dx 20 f ! dx
* 0 (1 _ xE).’-;’E * o (4 . xE).’-;’E

21. /{,dﬁ x = 1 22. f%m x = 1
X — i x° — i
| — x2)3/2 | — y2)i/2
23. /%dx 24. f%dx
X X

25, [ —Bdx 26. f 6 dr
(4x? + 1)° (9% + 1)
2 y ';,r._
27. [ v 28. f ( dr
(1 — w2/~
In4 i ln(4/3) ¢
29, f ew—d—f 30. f e—dfm
0 Ve +9 Gy (1 + e”)*
J.-"-4 -] d_..
31 / __2dr 32. f S S—
/12 VT + 4Vt Ly Vi o+ (]]] J-‘)E

Lo
=

33. \/% <. \/\Lﬁ
xVax — 1 I + x°

3s. f _xdx 6. f _dx
Vix? — 1 Vil — x?

SOLUTIONS :

L

17. w=2sin6, — 5 <0 < §.dw = 2cos & dO, 4 — w2 = 2 cos 0
8 dw . 8-2cosd di . =284 we -
W —‘1-“ w2 .f 4 sin?cHD-SE cos @ T f sin? = —2cotf + C = ~ W +C
18. w=3sinfl, - 5 < 6 < S.dw = 3 cos #df, /9 — w2 = 3 cos 7;
S dw = [aeespacmoan  [eoodo = [(L5352) do = [(ese?o — 1) a0
- ] 2 .
= —cotfl — 0 4+ C = VI_W _sin ! (%) + C

19. x =sin?@,.0 < 0 < L, dx =cos @ df, (1 — x2)%? = cos? 0;

i .
Y I w3 g 7 w3
4x- dx 4 sin~ & cos & df cos” & 4 ~2
I[: (1 —x2)32% .f; cos® ¢ =4 f ( CcosZg ) do = J:] {Seﬁ' @ 1) d¢

= 4 [tan & — O], P —=4./3 — 47—



20.

21.

22.

24.

26.

27.

28.

29.

. X
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X = 2sin#, 0<6‘< G,dx—Zwstb‘ [4—‘(

+|
s

dx :[
(4— x2)%? Jo

dx

2cosfidi __
8 cos? @l

L[ (x2 — ].}3,-'-_?

x =secf,0 <<%, dx=secttant df, (x* —

%= dx

tan® f

L[ (x2— ]-}5..-'-_?

— r sec? f-sec # tan 6 df

tan® f#

dx = cos 0 db, (1 — x?)

x:sin(r',—%<(7'< =,

[;[] —xz'}:i"'? dx [ cos® f-cos 1 dff __
. x0 . sin® 0

X = sin 0,

1
2

8 dx

+ 1)

tan &, —

j @2+ 12

w

5 <0<g
[8(—5& r?)dr?

sect f

[; cos fl-cos # df
sint

_ 1 bl T
t=gztanf, —5 <0 < 5, dt=
‘6 (% sec? r?) de

6 dt

1[’
4 Jo

x:scc9,0<6‘<%.dx:sccﬁtanﬁ'dﬁ'.{xz—

— Iisecﬁtqnﬁdﬁ — [

sin?

=/

[bcot"l 0 csc? 0 df = — y +C=-1 (\7

/6

d¢

cos fl
24

df
cos?fl

Loq O

sin?

%scu f da, ot

—5 <0< 5.dx=cosfdf. (1~

[‘[1 —x)"dx

sin 0

dd =

dx = Lsec?0do, (4x2 + 1)°
= 4J cos® § df = 2(f + sin f cos ) + C =

_J_'[

3/2 .
2 8 cos® f:

/6
an )" = Y=

3/2 :
1)”* = tan® #;

- X%
+C= x.-*x2—]+c

yamg TC=

3 sin’

3/2

Je

* ‘ . i3
= [cotzﬁcsczﬁ'd():—w;a

ct o,

+ 1 = sec? 0:

5/2 ;
1)"" = tan” 0

3(x2

= cos’ #;

x2)'% = cos 6

+C=—

2 tan~!

_1)

3

X

1 (\..-]—3(3)3 +C

4x
X+ ey T C

) . . 2
j rgtg+1)2—j secTd —2[@)9 0 d0 = 0 + sin 0 cos 0 + C = tan™! ‘%t+r9t2+1)—|—C
v=sinf, —LZ <@ < I dv=cosfdb, (1—v2)"* =cos®0;
. . 3
vidv sin®f cosdff __ 2 1) e __ tan®@ 1 v
jmwwﬂ—j—qgr—_jmnngow_”7_+c_§(mtﬁ)+c
P M T i,
r=sinf, - 5 <0< 5
Sy E2 T S i . . —7
[ (1 :“‘); dr _ [Loq O:Lfsf?dr? — [COIE)HCSCZGd(?':*Lm 0+C:7l |:\1—1:| +C
y T N sin® 6 N 7 iy
g _ : -1(L : 4 _ sec? S ﬁ
Lete' =3 tan @, t = In (3 tan 0), tan (3) < 0 < tan~ (‘) = an? 0.d0, /e +9 = /9 tan20 + 9 =
+ln4 stan~' (4/3) . stan~! {4/3) .
etdt 3tan d-sec?d dd [ o o tan~" (4/3)
L[G Ver49 jmn-' (1/3) tan §-3 sec tan—' (1/3) cfdo = [ll"l |56L 0+ tan H” tan=" (1/3)

:111(%+%)—111(”/_T]_0 7) —1119—111(

J

J

J

1/ V",T

“In (4/3)

tdt [
In(3/4) (14 e2)¥? .

14

1/12
1

. Lete' = tan #, t = In (tan #), tan™!

stan~' (4/3) (tan &) ("'“C

tan—! (3/4)

tan &
sect 0

(3) <é<

"’f) o

)

tan ! (%) cdt = =20 49 | 4 e = | + tan2 @ = sec? 6:

J

stan~! (4/3)

tan—" (3/4)

a1
2 dt —_" | [ 2du
/?+4t\/_ H |:ll = —-\/?, du = \./E dt.:| — JosTre
/4 . ,
2du T 2sec’fdi T4 . Ty
T+u? = Lb mr =201 =2(3—%) =

s u = tan &,

tan ¢

COs !9 (jlc) e [Sil"[ 6] tan~! Gj::‘zl _ % -

x
6

T i
c=0=7

tan—! (3,

=

|l

1)

cdu = sec? 0 dh, 1 + u? = sec” 6
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ez 9 N PRV N L ez
Ly =e"" 0 <0< L dy =e™sec’ 0 dO, /1 + (Iny)? = /1 + tan? 0 = sec 0:
e /4 a4 ,
e sac? g seJH - T 16 — e . L S ey
oot = [, s=er a0 = [ sec 0.0 = [In [sec 0+ an 05" = n (1 + /2)
. x=sect.0<0< L.dx=secHtan@ df), \/x? — 1 = \/sec?) — | = tan 0

sec f tan & df e emp— 1 o 1
[}‘\/\_—7 [ “secftanf =0 + C = sec x+C

. x =tan ¢, dx = sec? @ d¥, 1 + x? = sec? @,

f ax [ sec?0df _ ) 4 C — tan ' x + C

x2 +1 sec?

S 1 Y
. X==secH. dx =secfHtan O df, /x* — 1 = v/sec* ) — 1 = tan 0:

[ _oxdx [seuﬂsehﬂtmﬁdﬁ _ [hecﬁ @ det = tan & + C = V-'XQ — 14+ C

. F%2 — 1 tan #

X =sinf.dx =cos0 df), —Z < 0 < Z:

f“""fd"’l — @+ C=sinlx+C

H . W : Solve by using Trigonometric Substitutions :
~24/3

0

J5
ij\/S—xzdx
0

J‘ x2dx J‘ x°dx
x> +4 VX2 +4
0

J‘ sin(x) J‘ dx
\/2—COs (x (X* +4)°




