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EXAMPLES

Solve by using substitution rule :

1)

]‘v":] + y2-2pdy

Fa—T — [du
VI + '2-2'd’=/\,-’u-(—>d’
f y22vdy o)
= f w2 du

3
u(lf—)"'l

=t __ 4+

(1/2) + 1
2

== +C

3

— 2+

2) f \ar— 1dlt

3)

/ N4t — 1dt

-4fva (4 ) a
=% 12 du

=% % e

= éum +
1@ -1+ c

/cos(?i—) + 5)ad

_ |
—fcosu —?du
=1 cos u du
7

_ 1.
= .f,'smu + O

Letu = 1 + 7,

-c.".'.'..-"\'.'f = _"'.

Integrate, using Eq. (1)

withn = 1/2

Simpler form

Replace uby 1 + _'.:

Letuw = 4¢f —
dufdt = 4

With the 1/4 out front,
the integral is now in

standard form
Integrate, using Eq. (1)

withs = 12

Simpler form

Replace w by 4 —

= Lsin(?ﬂ +5)+C

7
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4)

5)

6)

fxz sin (x°) dv = /sin () -x7 dx

|
/ cos” 2x

dy =

=/5inu*%du
-1 sinu du
3

= %{—ms w) + C

|
=——cos(x’) +C

3

]'secz 2x dx
secl *Ldu
2
1 sec u du
2

1 .
Stanu + C
2

|
5 an2xy + O

Solution 1: Substitute u = z° + 1.

2z dz _
Wz + ]

/

Integrate with respect to u

3
Replace u by x°

P ¥

Jor — [h] i
dx = (1,/2) du

du

Nz

/ 012 gy

/3
¥ +¢
2/3
3 4

E H""E + C

%(32 + 1) + C

Letuw = z7 + 1,

= Ve A
au =

Jravy o

[n the form [ w" du

Integrate with respect to u

Replace u by 2+ 1
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Solution 2: Substitute w = 'z + 1 instead.

Letu = % :: + 1.
f 2z dz _/31{2{1‘1{ PR
I " e d
\}32 + 1 Wl du = 2z d:
= 3]:; du

a3
-
=3 5 + C Integrate with respect to u

3 ll 5 i
= 5(32 + ]]2"3 + O Replace u by (z= + | L3

7)
13. /\ 3 - 2sds 14, ]{...T + 1) de
1. fsinl\' dv, w=> 2, frsm (D) dv, uw= 27
- 3dx
15. ds 16. 5
Ves+4 (2 -x)
3. 2ttan 2 =
/ sec 2t tan 2t dt, wu = 2t ” i /Ir i 8. /B”\H‘— T B
4. (1 - cos%) sin— d.r u=1-— cos% 10. /"‘I} v v _ 3y ﬁf} 2. f Ay dy
#H Vapt 41
[+ Vi)
5] (Tx = 2) 7 dx, u=7Te-2 Il/ Il.f{ _T] dx
Vil + v r WX
ﬁf de, w=x" -1 23, jms.‘t+4a’7 M, /sm[z—S}a’z
T 0 dr |
: Vi T W= - 25, [ sec® (3x +2)d 26. [ tan®x sec’x dx
_ 4 2
B flE VO D) w= 27. ]Slﬂ —cns—a’r 28, ftan %sec =iy
- ] 3
9, f‘nsm‘ W)y, w=x3-1 2, 1 w. 4 (7 _i ”
10
10. / ( ) U= _L
* 3. / Psin(x¥* + 1)ax 32 frlf351n{ — &) dr
11. fcsc 20 cot 241 d r e
33 ) sec T tan {v + 3) v
a. Usingu = cot 20 b. Using u = csc 20 )
U— V-7
1. : . f ( cnt( 3 )du
Wix + B
. . . . jsm (2t + 1) » f 6cost .
.U =5+ 8 bh. U = %35+ 8 33, M. | ————=at
A LSmE = . Usingu = 3x cos” (2 + 1 (2 + sint)f
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3. \-"?tycsczy dy 38. f M:?’E
Y secz
| I | r
3. [ —cos|——1)dt 40. [ —=cos(Vi+ 3)dr

41.

—
—
q_iz-l'_'

=.

=
:Il—

L)

[

L*]
=|

=

T

cos \-"E
42, f—_ — =t
Vo sin” Vol

43 /{53 + 257 — 55 + 5)(35F + 45 — 5)ds

M. /{rﬁ 2P+ 80 - 2)(F -0 +2)db

15. / A1+ 4 di 6. f H;"T;lm-
47. / PV 4 L 48, / WIVE 4 1y
SOLUTIONS :

1. Letu=3x = du=3dx = _%du:dx

[ Si[l?}KdK:.[ %s’mudu:—_%cc:-su—FC:—jicosBK—FC

2. Letu=2x% = du=4xdx = idu:xdx

F[};sin(Z:{g}dx:F[ tsinudu= —4cosut C =~ {cos2x? +C

3, Letu=2t = du=2dt = %du:dt

[secEttathdt: [ L sec utanu du = 2 secu+C:%sec2t—|—C

2 2

4. Letu=1-cosy = du:%sin%dt = 2du = sin 3 dt

'[.(l—cms%)z (sin%) dt:qu2 du = %u3+C:%(l—cos%)3+C

5. Letu=7x—2 = du=7dx = %du:d}c

[287x -2 P dx= [1@8uCdu= [4utdu= ut}C= (Tx-2)*4C



10.

12.

14.

16.

17.

18,

.Letu=3—-2s = du=—-2ds
= du

20 (il )77 Chacby ) ad /4 puall o ghall dy 0 A0S/ Qi Al

Letu=1—-1r" = du=-3"dr = —3du=9"dr

. Orfdr - —1/2 _ armal/s o 3
{ ‘_?1_r3—.f 3u du=-32n"2+C = —-6(1-1%

e
Letu:},4_|_4}#_|_] e du:(4}’{+8y] dy = 3du= ]2(}#_‘_2}?] d}’
Jretsad e PP e 2y ay = 3w au =t o= (a4 )4 C

Letu=x%%—1 ::»du—% /2dx = ‘Zdu—\/_dx

— 1 —
Letu_—; = du= ;dx

f L cos? (1) dx = ,‘ cos? (—u) du = f cos? (u) du = (§ + § sin 2u) + C = — 3~ +  sin (—%) +C

:—]H—j—lsm( ]+C‘

(a) Letu=cot20 = du= —2csc’20df = —%du:csc2 26 do
rcscgmcot%dﬁ:—f.]—,uclu:—ld,(fj—l-C‘
(b) Letu =csc 20 = du= —2c¢sc 2 cot 20 df} = —
{ CSCBZHcotQI‘?dﬁ:j —.]Eudu:— (UT)"'C

(a) Letu=5x+8 = du=5dx = ]—du:dx

" [ _ 1/2 4. _ /2 2

f L_.—Sx's—j%(sﬁ)du—%j du = ¢ (2u'?) +C= £ uV +C=12 yV5x+8+C
(b) Letu=/5x+8 = du=1(5x+8)/*5)dx = Zdu= 7:':_3

jl7?—'8:‘{._%(11[:_%U+C:_%\£51+8+C

W ax

¥ L C=—lcot?204C
=~ du = csc 20 cot 20 d¢

[ B H

—%+C:—%c5c329+c

3=

l.-:l-—' e

JV3i—2sds= [ Ju(- ] ~L[u2du= (-1 (2 +Cc= -1 -2+ C

Letu=2x+1 = du=2dx = %du:dx

f (2x+ 1) dx = fu‘u' (1du) = .]Efu‘u' du = (1) (UT) +C=z2x+1)*+C

l»-l'—'

. Letu=5s+4 = du=5ds = fdu=ds

[ Aas= [ Zo(a) =3 [ut?au= () () +C=3/FFa+C

VIEt

Lletu=2 —x = du= —dx = —du=dx
f e d-“:Jf jf_fdu):—:‘j u? du= -3 (%)+C:%+c

u

Letu=1—0 = du=—-20df = — 1 du=0dd

JoVi—era= [{/u(-tau) = -1 [ du=(-1) (2) +C= 21—+ C

Letu=# —1 = du=20df = 4du=8d0

[0V —1d0= [A/uddny =4 [ o du=4(3u) +c=306"-1)""+C

f ﬁ sin” (x%2 — ]] dx = f 3 sin” u du = 3 (UE — 3 sin 2u) +C= ]i (x%2 — 1) — ]E sin (2x%% — 2) +C



19.

20.

21.

23.

24.

26.

27.

28.

29.

30.

3L
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Letu=7—3y? = du= —6ydy = — Ldu=3ydy

lf?"}'-\/?—:}}@dy:lfﬁ(—%du):—%lfuf'udu:(_
Letu=2y* + 1 = du=4ydy
J A= [ = fura— itk c=2/2P T T C

=

Letu:l+\/§:> clu:21

dx = 2clu:%dx

E

-

1 — 2dw _ 2 — =
J it oL ire= i

2. Letu=1+/x = du:ﬁ;dx = 2clu:?1;c|x

] LD ax= [wEdn=2(Lut) +C=1(1+/x)" +

Letu=3z+4 = du=3dz = ldu=dz
fcos(32+4)dz:f(cosu)(% du) :%fcosudu:%s'mu+€= %sin(32+4)+C

[etu=82—5 = du=8dz =

tdu=dz
fsm{Sz—i)dz_f(smu)% u) = %f sinudu= 1 (—cosu)4 C=—{cos(8z—5)+C

cLetu=3x+2 = du=3dx = 1du=dx

fsecg(?rx+2)dx= f['secgu) (%du) = %lfsecguduz %tanu+C=%tan(3){+2)+C

Letu = tan x = du = sec® x dx

ftangxsechdx: fugdu: L+ C=1lran®x+C

Letu=sin(%) = du=1cos(%)dx = 3du=cos(3) dx
fsm‘(*}uos(}dx—fu (Bdu)=3(1u")+C=1sin(3)+C

Letu = tan (f) ec” (%} dx = 2 du = sec” (%) dx
tan

= du=jse
[ tan7 (3) sec? (3) dx = [u7@dw) =2 (5u¥) + C = Lan® (3) +C

1
n
Letu={g—1 = du= 6':Ir::» 6du=2dr

frﬁ(;i_l) dr= [ G =6 [udu=6(%)+C= (5~ 1)6+C

Letu_T—% = du=— %r*dr = —2du=rtdr

[e(1-5) = [oc2m=2 [uan=a(5) ve= 3 (1) e

Letu=x*?4+1 = du_—xf dx = 2i:lu_}cf“t:lx

fxlf“sm(x ) dx = f{smu) du):%fsmudu—z( cosu) 4 C= — Zuos(xq“—kl}—kc

) (Bu¥) +C=—1(7-3y%)* ¢

C



40.

41.

42,

. Letu = csc (%
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.Letu=x*?* -8 = du= %x]*""* dx = % du = ' dx

f x13 sin (x*% — 8) dx = f(sin u) GT du) = %f sinudu = %(—cos u)+C=— 3 cos (x¥? —8) + C

. Letu=sec(v+%) = du=sec(v+Z)tan(v+2)dv

f sec (v + %j tan (v + %) dv = f du=u+C=sec(v+ %j +C

-
o

fcsc( 57 cot (%

= du——lcsc
) (5*

jcol( L) dv = —2du = csc (%5

L) cot (X=1) dv

5 )dvzj —2du=-2u+C= —2e¢sc (%5 )—I—C‘

. Letu:cos(21+ 1) = du=—-2sin(2t+ 1) dt = —%du:sin(2l+ 1) dt

" sin(2t4 " ldu 1 — 1
{ cos? (21 4 d[ ‘_I T E_'—C_ 3 cos (2t + 1)+C

. Letu=2+sint = du=-costdt

f :zﬁrﬁilrj-‘dt:f%duzﬁj "'du—b( )-I-C——”"!("—Fsml) +C

. Letu=coty = du= —csc’ydy = —du=csc’ydy

f J/eotycsctydy = f -\/ﬁ(—du) = — f u'? du = — %u‘u'*"z +C=- %(cot yei4+C= %(col*y) C i

. Letu=secz = du—=secztanzdz

: 1 N S N VN Y -2,/
j seszezr;z dZ—j ﬁ.:[u_j u du=2u""+C=2y/secz+C

. Letu = ] —1l=t'=-1 = du=—t"%dt = —dll:%-_rdl

f 1]_' cos (]T — l) dt = f (cos u)(—du) = — f cosudu = —sinu-+ C = —sin (]T — ]] +C

Letu=t+3=t/+3 = du= ;0" dt = 2du= o de
j 7--;05[: j [ (cosu](Zdu]:ZJ‘ cosudu:2smu+C:2sinl:\/T+3j+C
Letu=sin 3z = du= (cos 3) (— %) df = —du= 2 cos 3 dff

j ;—-gsinz;cos:;dﬁzj —udll:—.];uz—l—C:——sm 3—|—C‘

Letu:{:sc:\,/a::> du:(—csc ﬁcolﬁ)( 3)d9:>—2du—7-cot\/§cs-;\/_d9

j'%dﬁztf\%gcotﬂcscﬁdﬁ: [ —2du=—2u+C=—2csc/f+C=— sin\;—’!?_'—c

W

cLetu=s%+28" — 55+ 5 = du= (3 + 45— 5) ds

(57 428 — S+ 5) (32 + 45— S)ds= [udu=" = EEB-SII, o
[

N 2 2

Letu=0%—20°+ 80 —2 = du=(40° —40+8)d0 = ldu= (6 —0+2)ds

J o202 180 —2)(0* —0+2)d0 = [u(ldu) =1 {'llduzl(%f]+c=w

1. 1 B +C



20 (il )77 Chacby ) ad /4 puall o ghall dy 0 A0S/ Qi Al

45, Letu=1+t! = du=4* dt = %du:t”' dt
S+t a= [ (td)=F(iu)+C=EF0+) +C
46. Letu=1—1 = du= L dx
o — : — . - o 4 3/2
[ oo [ & oo [ 5T T [ ido— o an— 33— hPac
47. Letu = x* + 1. Then du = 2xdx and $du = xdx and x* = u— 1. Thus ,r.f"w x4+ 1dx= I.(u - lJ%ﬁdll
= 17 r(u"**"z —u! *"B)du = %[%u“fz — %u‘”’*’lz] +C= %u'r'*"z — %U‘”’*"z +C= %(KB — lJr”l2 - %(xz + 1]352 +C
48. Letu =x"+1 = du = 3x’dx and x* =u— 1. So ['3;1:'"'\/ M+ 1dx = I.(u - l]ﬁdu = [ (u"'" - u]")du
=292 2Bt c=2(x¥ 4+ 1) - 2+ 1) P 4 C



